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Abstract

Montague’s (1970) intensional type logic (IL) has long been known to be largely expressively equivalent with
its two-sorted substratum (7y2). Zimmermann (1989) had shown that Gallin’s (1975) standard translation *
from IL to Ty2 can be reversed so as to cover almost all of the latter, excepting only terms that are themselves
of non-intensional types or contain such parameters. However the proof depended on the so-called standard
interpretation of both languages, according to which abstraction and quantification range over full set-theoretic
domains. The question of whether the result also holds for the restricted, completely axiomatisable version of

Gallin (1975) had been open until recently. As it turns out, there may be more than one correct answer.

1 Two ways of representing intensionality

(1)  Example!
Luigi believes that Mary owns a lamb
believe; (Luigi’, Aj.(3y)[lambd](y) A own’ (Mary’,y)]) [Ty?]

belzeve (Luigi’ /N (Fy)[lamb’ (y) A own’ (Mary',y)] [1L]
Lulgl/l)dmary owns a lamb
Luigi’  believe; )\] (By)llamb’; (y) A own’;(Mary', y)])
Luigi belzeve AN Fy) [lamd’ (y) A own’(Mary y)]
belleve/byowns a lamb
believe; (Ely)[lamb- (y )/\own- (Mary', y)]
believe' Fy)[lamb' (y) A own’ (Mary’,y)]
Mm lamb
Mary' z. (Fy)[lamd] (y) A Ownio (z, )]
Mary' (Fy)[lamd’ (y) A own/ (x,y)]

OWUS/\a]aII’Ib

AQ. (3z)[lamb] () A Q()]
oum’ AQ. (Fz)[lamb’ (z) A Q(x)]

lamb
AP.XQ. (G0)[P(@) A QW] tam,
AP Q. (32)[P(2) A Q(w)]

lamb’

! collated from Zimmermann (2021).
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2 Two-sorted Type Theory?

(2) Ty2
a. The set of two-sorted types is the smallest set 27" that contains (the primitive sym-
bols) t, e, and s and is closed under pair formation; pairs (a,b) will sometimes be
written without outermost parentheses and/or commas.
b. The language of two-sorted type theory — Ty2, for short — is the smallest family
(Ty2,)ac2r such that for any types a,b € 2T
Cong C Ty2,;
Var, C Ty2,;
whenever a € Ty2,, and 8 € Ty2,, "a(B)” € Ty2;
whenever x € Var, and oo € Ty2,, "(Az.c)? € Ty2,;
whenever a, 5 € Ty2,, "(a = p)" € Ty2,.
The members of the sets Ty2, (where a € 2T") will be referred to as the Ty2-terms
of type a; the Ty2-terms of type t are also called Ty2-formulae.

c. A two-sorted ontology is a family (Dg)aecor of non-empty sets such that for any a,
be2T:

D, ={0,1} if a = t;
Day = DpPe [= the set of all total functions from D, to Dy].

d. A Ty2-model is pair (D, F) where D = (D,)aqcor is a two-sorted ontology and F :
(JCon — |JD respects types, i.e.: F(c) € D, whenever ¢ € Cong; an assignment
for a Ty2-model (D, F) is a function g : |JVar — |JD that respects types.

e. If g is an assignment for a a Ty2-model M = (D, F), then the denotation [a]9 €
D, of any Ty2-term « of any type a € 2T (relative to M and g) is defined by the
following recursion:

[a]M9 = F(a) if a € |JCon;
[a]™9 = g(a) if a € Var;
[o] M9 = [S]M9([7]9) it o = "A(x)", for some B, v € U Ty2
[a] M9 = {(u, [B]M9/=)) | w € Dy} if for some b,c € 2T, a =" (\z. B)7,
where z € Vary, § € Ty2,, and g[*/u] = [g \ {(z, 9(2))}] U{(z, w)};
[a]M9 = {ve D, | v=1iff [BJM9 = [y]M9},ifa="(B=7)7,
for some 8, v € |J Ty2.
(3)  Logic
a. Logical symbols are defined as abbreviations; e.g. by:
(Vz) ¢ := ((Az. ¢) = (A\x. (x = x))), where z € |JVar and ¢ € Ty2,;
1 := (Yv) v, where v € Vary
(M. v) = (M. (v="1))) {1} = Dy’
(. Q. (2 = 2)) = (. (g (@ = 9))) By 1
[also works for other types: see (14c)]

o Al = (Ap. (Ag. (AR. R(p)(q)) = (AR. R([=L])([=L]))(¢)(¥),
where p,q € Vary and R € Vargy);
etc.

2 Cf. (Gallin, 1975: 58ff.), where the language is called Ty2. It is a version of the simple theory of types,
which was introduced in Church (1940) as a deductive system with no formal interpretation.
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b. General logical notions like:
Freedom and bondage [Fr(a)];
substitution [a[”/g]l];
closed terms (and formulae) [Fr(«)

0l;

entailment [2 E ¢];
logical equivalence [=]
etc.

are all defined in analogy to predicate logic.

(4)  Laws of A\-conversion®

a. «a-Conversion [aka Alphabetic Variation]
(Az. a) = (Ay. af/y)),
where y is a variable (of the same type as x) that does not occur in a.

b. n-Conversion
Az, a(z)) =aifz ¢ Fr(a).

c. B-Conversion [aka A-Conversion]
(Az. a)(8) = al*/),

provided that no variable that is free in 5 gets bound in a[*/g]. In particular:
()\x. O() (.1‘) = Q. ‘eigen-conversion’
(5)  Strong normalization*

Reduction [from left to right| by [successive]| (4a), (4b), and (4c) always leads to irreducible
terms that are unique up to renaming bound variables.

3 Intensional Type Logic

(6) I’
a. The set of Fregean types is the smallest set F'T' that contains (the primitive symbols)
t and e, is closed under pair formation, and contains all pairs (s,a), where a € FT.
b. The language of intensional type logic — IL, for short — is the smallest family (ILy)qaec 1
such that for any types a,b € FT":
Cong, C ILa;
Var, C ILg;
whenever a € ILab and § € ILa, "«(B)" € ILb;
whenever x € Var, and o € ILb, "(Az.a)” € ILab;
whenever «, f € ILa, "(a = ) € ILt;
whenever « € ILsb, " (V)™ € ILb;
whenever « € ILb, "("a)™ € ILsb.
The members of the sets ILa (where a € FT) will be referred to as the IL-terms of
type a; the IL-terms of type t are also called IL-formulae.
c. A Fregean ontology is a sub-family (Du)ecprusi[= P [ FT U {s}] of a two-sorted

ontology (Da)ae2r-

d. An IL-model is pair (D, F) where D = (Dy)serru(s) is a Fregean ontology and
F i Ugepr Consa — |JD respects types; an assignment for an IL-model (D, F) is
a function g : |J,cpp Var, — (U D that respects types.

3 Cf. (Hindley, 1997: ch. 1).
4 Cf. (Hindley and Seldin, 2008: 294ft.).
5 Cf. (Montague, 1970: 384ff.), where the language is called Lg.
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®

If M = (D, F) is an IL-model, where D = (Dq)qcprus}, 9 is an assignment for M,
and w € D, then the denotation (or extension) [a]M9% € D, of any IL-term « of
any type a € FT (relative to M, g, and w) is defined by the following recursion:

[a]M9v = F(a)(w) if a € |JCon;
[a]M9v = g(a) if a € | Var;
[a]M9w = [B]M9¥([4]M9%) if a = TB(v)7, for some B, v € |J IL;
[a] 9w = {(u, [B]M9/wbw) | u € Dy} if for some b,c € FT, a ="(\x. )7,
where x € Vary, f € ILc, and g[* /) = [g \ {(z,g9(x))} U{(z, uw)};
[0 = {ve D, | v=1iff [FJM9% = []Mow} if a = (3 = )",
for some 8, v € |JIL;
[a]M9w = [B]M9%(w) if a ="(VB)7, for some 3 € |JIL;
[a]M9w = {(w’, [B]M9%") | w’ € Dg} if for some b € FT, a="("B)"7,
where 8 € ILb.
f.  Logical symbols are defined as in (3a); further symbols from modal logic may be
introduced, e. g.:
Og] i= ("¢) = ("[~L])), where ¢ € ILt;
[O¢] == [=[O[—l]], where ¢ € ILt; etc.
g. General logical notions are as in (3b); in addition, an IL-term « € |JIL is modally
closed if:%
aeJVar; or
a="("B)7, for some € |JIL; or
o e {78, T (e B), (8 = 7)),
for some z € |JVar and modally closed 8,7 € | JIL.
h. In IL, alphabetic variation (4a) and n-conversion (4b) are just as valid as in Ty2,
but:
[-conversion needs to be restricted, to avoid clashes with the invisible 4g:”

(Ax.a)(B) = a]* /], provided that:
- no variable that is free in 8 gets bound in a[*/s], and:

- either: no free x in « lies in the scope of an intensional operator,
or: [ is modally closed.

WARNING
IL’s restricted version of A-reduction does not allow for unique normal forms and is thus not a
guaranteed route to readability:®

(Az. (Ay. (" y) = u(x))(x))(c)
(Ay. (N y) = u(c))(c)
(Az. (" z) = u(z))(c)
Az, (Ay. (Nio- y) = u(z))(x))(cig)
=(Nj. cip) = ul(ciy)
i.  In addition to (6h), there is another instance of eigen-conversion:

Ty

I\S)

(\/(/\a)) =« Down-up cancellation?

j- as well as of n-conversion:
("(Va)) = o, if « is modally closed.

6 (Gallin, 1975: 14).

7 (Gallin, 1975: 19).

8 Friedman and Warren (1980: 323).
9 (Dowty et al., 1981: 154).
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4 Standard Translation

(7) Gallin’s *10

a.

(8)  Reversing Gallin’s
a.

b.

Any IL-term « € ILa (where a € FT) translates into the Ty2-term o* € Ty2, defined
by the following recursion, where iq is a fixed variable of type s:

a* = Talip)™, if a € |JCon;

o= a,ifaeVar;

af = T (y) N ifa="B()"

a* = T(Az. ) ifa="(Az. B)7T
o

o

=BT =y) L ifa="(B=7)%
- rﬂ*(io)—l, ifa = !—(\/ﬁ)‘l;
a* = T(Nig. ), ifa="("B)".
Lemma (Gallin, 1975: 14)
Any o € ILa (where a € FT) is modally closed iff iy is not free in o*.
*-Lemma (Gallin, 1975: 62)
For every IL-model M = (D, F) where D = (D,)qcrru(s}, every IL- assignment g
for M, and every w € Dy there is a Ty2-model M* = (D, F*) and a Ty2-assignment
g* for M* such that for any IL-term « € ILa (where a € FT):
B
1q *11

Hintikka semantics!2
&
(ii

John knows that it is raining
(V)) Ko (5)(John') — it-is-raining]

HI""

[AE. (VH)[F(5)(John') — it—is—miningj]]( K;,) by B-conversion (4c)
=z [AF. (V))[F(j)(x) — it-is-raining]]] (Kq, )] (John') again by (4c)
=[\z.[AF. (Vig)[F(io)(x) — it-is-raining; || (K;,)|(John') by a-conversion (4a)

[

(iii)[Ae.[AF. O [VF(z) — it-is-raining|](K)](John')

a € Ty2, is Fregean if a € FT, Fr(a) C {io} UUycpr Vary, and all constants
occurring in « are of Fregean types of the form (sb).

Theorem (Zimmermann, 1989: 75)

Any Fregean Ty2-term « is logically equivalent to the translation of an IL-term a:

ot = a.

5 Non-standard interpretation

(9) IL & Ty2: Lack of compactness and Léwenheim-Skolem

a.

b.

Generalized interpretation of Ty2

(10)

a.

{(3"z°)(xz = 2)In € N} F poo
[: (IMe)(3z®)[[-M (z)] A (3f : De —> M) ‘f is one-one and onto’]]
If [poo]M90%] = 1, then M is uncountable.

A two-sorted gleneralized]-ontology is a family (Dg)geor of non-empty sets such
that for any a, b € 27"

Do =1{0,1} ifa=t;
Day € Dy

10 (Gallin, 1975: 61).
11 Cf. Zimmermann (2021), plus Képping and Zimmermann (2020) for more.
12 Hintikka (1969).
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b.

A Ty2-g-model is a pair (D, F), where D = (D,)qcor is a two-sorted g-ontology,
F:U,cor Cong — |JD respects types, and there is a function F : J Ty2 — UD
such that for any g-assignment g and any « € |J Ty2, F(a) = [a] ™9, where:
[a]™9 = F(a) if a € |J Con;
[a]™9 = g(a) if a € | Var;
[a]™9 = [B]M9([v]™9) if @ = "B(7)7, for some B3, v € | Ty2;
[a]*9 = {(u, [B]*90/«]) | u € Dy} if for some b,c € 2T, a =" (\z. §)7,
where x € Vary, § € Ty2., and g["/u] = [9\ {(z, 9(x))}] U {(z, u)};
[o]*9 = {v € Dy | v=1iff [B]*"9 = [4]*},
if a ="(8=+)", for some 3, v € |J Ty2.

(11)  Axiomatising Ty2

a.

Axioms!?

AL ([¢"([=L]) A g™ (L)] = (Vat)g(z))
A2 (2 =y?) — (P (z) = P(y))
A3 ((Va®)[f*(z) = g°(2)] = (f = 9)
AS4 = (4¢)
Rule of inference

From (a = ) and ¢ to the result of replacing one occurrence of « in ¢ by 3.
Theorem (Andrews (1963))
The system in (11a) derives all g-valid Ty2-formulae.
Corollary
Any g-satisfiable set of Ty2-formulae has a g-model in which the domains of indi-
viduals and worlds are both at most denumerable.

(12)  Generalized interpretation of IL

a.

b.

A Fregean g-ontology is a (unique) sub-family (Da)aerrugsy of a two-sorted ontology
(Da)a€2T~
An IL-g-model is a pair (D, F'), where D = (D,)qcrrufs}y is a Fregean g-ontology,
F:U,cpr Conse — |JD respects types, and there is a function F : |JIL — UD
such that for any g-assignment g and any « € |J Ty2, F(a) = [a] ™9, where:
[a]9% = F(a)(w) if a € |JCon;
[a]9v = g(a) if a € | Var;
[a] o = [B]M9 ([7]M9) if o = "B (v)", for some 3, v € UIL;
[a] 9w = {(u, [B]M-9"/u]w) | w € Dy} if for some b,c € FT, a =" (A\z. B)7,
where x € Vary, 8 € ILc, and g[* /4] = [9 \ {(z, g9(x))}] U {(z,u)};
[e] 9 = {v € Dy | v =1iff [B]"9" = [y["9"}, if a = "(8 = )7, for
some 3, v € JIL;
[a]M9w = [B]M:9%(w) if a =" (VB)7, for some 8 € |JIL;
[a]M9v = {w, [B]M9"") | w' € Ds} if for some b e FT, a="("B)7,
where 8 € ILb.

(13)  Axiomatising IL

a.

Axioms for L4

A1-A3 asin (11a) PLUS:

AS4 = (6h)
A5 (T(V ) = (Vg*r) = (f = 9)) [~ (A3)]
AS6 = (6i)

Rule of inference

From (a = ) and ¢ to the result of replacing one occurrence of « in ¢ by 3.

13 Essentially Andrews (1963).
M (Gallin, 1975: 19).
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Reversing Gallin’s

a.

o

A T |

Theorem (Gallin, 1975: 30)
The system in (13a) derives all g-valid IL-formulae.
Corollary
Any g-satisfiable set of IL-formulae has a g-model in which the domains of individ-
uals and worlds are, respectively, at most denumerable and denumerable.
*?15
Gallin’s *-Lemma (7c) carries over to the non-standard interpretation of IL and
Ty2. However:
QUOTE It is unclear how [(8c)] can be extended to the generalized interpretation for these
languages [= Ty2 & IL| that has been discussed in [Gallin (1975)]. UNQUOTE
(Zimmermann, 1989: 75)

Disambiguating (14a)

A If « is any Fregean Ty2-term, is a.* =, a, where «, is as in (8c)?

B If o is any Fregean Ty2-term, is there an IL-term a4 such that o * =, a?

C For which Fregean Ty2-terms « is there an IL-term a4 such that o™ =, o?
ad A & B:

((Ni. (M. (i =1))) = (M. (M. (i =14)))) Dy =1": cf. (3a)
((/\’L (/\] [—'J_])) = (/\Z (/\j.((/\pst p(Z)) = (/\p (])))))) in standard interpretation
(N (A [=])) = (Mi.(APEYE(Aj (P = (Ap. p(7)))((Ap™. p(i))))))

(M. (M. [2L])) = (M.(APEDE(Ni (P = (Ap. p(i))))((Ap™. p(i))))))

(" [ﬂl])) (MAPEDE (M (P = (Ap. (Yp))) (At Yp))))))*

If [o]™9 = 1 (for any Ty2-g-model M = ((Dg)ac2r, F) and assignment g), then

= There is no IL-formula o such that 0,* =, 0 ...
Otherwise, o4 would have a g-model M = ((Dg)acrr, F) with an infinite Ds and so, by the
*-lemma, M* would be a g-model of o *; but M and M?* share the infinite domain Ds, and so
[e]™" =o.
.. which means that the answer to B, and a fortiori to A, is NO.
ad C:
Theorem (Walsh (soon))!6
(8c) carries over to non-standard interpretation if t is excluded as a ground type.
..thus providing a partial answer to C.
Suggestion (Sean Walsh, pc, November 2024)
(8c) carries over to non-standard interpretation if all g-models collapse into simple
ones by merging equivalent worlds.!”
Conjecture
(8¢) carries over to non-standard interpretationcs if Id is a (logical) constant of type
s(st) and the following clause is added to (8c):
[1d]*9% (w’) =1 iff w = w’, for any w’ € Ds;.

(N (Mg 1d(2)(2))) = (Ni (A 1d(i)(5))))
(M. (Aj. 2d(i)(i))) = (Ai.(Ap™. (Aj. p(4)))(1d(4))))
(. (. Id(i)(i))) = (Mi.(Ap**. (M. p(i)))(1d(i))))
((Ad. (. Td(i)(i))) = (Ni.(Ap**. (. p(i)))(1d(i))))
(" (M (VId))) = ("(Ap™. (" (Vp)))(Ud)))*

Additional axiom
A2 (W (Mg OYg — Id(v)(Yp*)])(Vp)(Id)

15 Zimmermann (2025).
16 as announced in Walsh (2025).
17 See (Gallin, 1975: 80f.) for this model-theoretic technique, where it is applied to modal predicate logic.
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