
Second-order Variables Explained Away 

Tho ll/as Ede Zimll/erma/ltl 

o Introduction 

Jt is well-known that first- rder pred icate logic ea n be given a va riable-fre or com­
binatory for mu lation. However, unti l fai rly recently, no attempts eem to have been 
made to find an adequate set of c mbinatorial operators for second-order logi . This 
may partly be so, because the task was fe it to be b th unrewarding and straightfor­
wa rd; fo r in spite of its emantic complexHy, the expressive means and mechani ms 
of second-order logic are so imilar to tho e of fir t-order logic, that a combinatorial 
reformulation can only be a slight (if me sy) adaptation of, for example, Quine's 
(960) Predieate FII/letor Logie (PFL).l Thi view has been hallenged by Kosta Do~en 
0 9 8) who, in his attempt to formltlate a va riable-free version of second-order I gie, 
came to the conclusion that this tas k ca ll s for new pred icate functoJs, mo t of which 
'playa r le analogous to the role of the old combillatory predieate funetors', but som 
of whieh 'playa completely new combinatory role' (245). In tlü paper [ will give a 
variable- free formulation of seeond-order logic w ho e logical opera tors are all 
straightfor wa rd adaptations of Quine' predica te functors. So in the end, we will 
have turned the old bias aga insl second-ord r PFL inlo a well-founded judgement. 

The paper is orga ni zed a follows: In secbon 1, I w ill sketcl1 what I take to be the 
most natural sell/ant ie m tivation for reformulating pred ica te logie in ju t the way 
Quine (1960) did . These eonsiderations w ill turn ou t to be di rectly transferrable to 
second-order logic, whose combinatorial formulation wi ll be discu sed in seetion 2. 
The third secbon briefly looks at two alternative formulations of seeond-order PFL, 
one of which is Do~en's (1988). 

1 From a Semantic Point of View 

1.1 Compositionalily in Predicate logic 

In (c1assi al) propositionallogic, things are simple. Formulae denote truth-values; alO­
mir formulae do it in an arbitrary way, whereas the denotations f c mpl x f rmuJae 

This is not Ihe only variable-free formuJa tlon f first-order logic: lwo variations can be f und in ßernays 
(1959) and Quine 0974: 380(.); see Bacon (1985) tor some historieal background, and a 101 more on the 
subject. To keep things compatible wilh Do~n ('1988), I <'Im concclllr-ating on the QUillC (1960) version 
(though the notation is my wn); but whatever I am saying about the relation of first and sccond order 
equally applies, mlltatis mutandis, 10 the aforcmentionoo variants (and others). 
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systematica lly depend n the logica l material they contain: [~q>]M = 7, [q>&~,]M = 
[ q>] M X [~,tl. Propositional log i i thus compo itional in that it is interpreted by 
h momorphi ms from its syntax (Fili I; Neg, COllj) to its emantics «(0,1 1;-, x). 

Things, however, are I ss simple with (first-order) predica te logic. F r if we insi t 
that formulae den te truth-va lues, then the semantics of predicate logic app ars to 
be non-compositional: '(3x)q> ' and '(3x)~q>' may both bc true, even though either q> 

r '~q>' is fal e and thu coincides in its truth-va lue w ith, for example, '(q> & ~q>)'; 

but, c1early, '(3x)(q> & ~q>)' is always fal se, so that 11 0 operation could determine the 
truth-va lue of '(3x)q>' (or '(3x)~q> ') from that of q> (or '~tp'). 

If truth-values do not suffic fo r givil1g a ompositional interpretation to predi ­
cat logic, it may be th ca e that something else doe . Jndeed, it seems guite plausi­
ble to assume that first-order formulae express relations among individuals, in the 
ense in wlüch 

() (3y) IR(x,y) & S(y,z) ] 

ex pre ses the compositi n of the binary relation (expre sed by) R and S. Mor gene­
rally, given a model M of (a pa rticular language of) first-order logic, and a formula q> 

(of that language) contai ning n free va riables, we may say that f expresses (in M) the 
followi.ng n-ary relation [q>]M on the universe UM of M: 

[ q>]M = 1(11 1,,,,, " ,,) e UM" I M I- ~l:::::~~ q>1 , 

where the variables are Iisted in the rder of th ir fir t appearance in q>2 0, can we 
formulate a compo itional interpretation of pred icate logic in terms of the relations 
expressed by its formulae? 

Let u fir t consider negation. 0 0 we have [~tp]M = !!l([q>]M), for some globa llogi­
cal operation !!l? The answer is obviously positive if we let !!l,,(R) be the compl ment of 
the II-a ry relation R (r lati ve to UM"): 

ext con ider existential quantification. Th relation expressed by a formuJa li ke 
'(3y)R(x, y)' depends on [R(x, y)]M in a very straightforward way: 

[(3y)R(x,y)]M = ~([R(X,y)]M), 

where ~(R) i the projection U ( 11, v) e RI of the binary relati n R. However, a lightly 
v 

different operation is involved in determining, for exa mple, [ (3x)R(x,y)]M; and yet 
more va riants of ~ are need d for fo rmulae containing more than one free variable. 1t 
thu seem that existential quantification corresponds to a whole family of operations, 
and which one applies in a given ca e depends on the exact nature of the sub-formulae. 
But c1ea rly, there is a comm n cor to all of th e operations, in that they are a11 suita­

ble li-pI ace generali zations "'" of ~ acting on the result of inverted l1-place J' lations: 
when ver tp i a formula wi th free variables XI' ... ,x" (in that order), then 

2 Thc nOI.Jtion should bc bClf-explan..ltory. - ne could also have (cpJM dcpend on U\e ~tn"dard order X" x2• xl" ,. 
cf all individual varmbles, rathcr thnn thcir "ppeamnce in tp. However, seme of lhe opcrilHons 10 be dcfin(.'CI 
below \\fOuld tlwn tUrI1 out to be more awkwnrd. Still, the standard order will bc of use for the lranslilti Tl of 
J>FL into predicate logic: see section 1.2, 
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where the inver ion ~\ " is defined by: 

~i..,<R) 

C!:"(R) 
= ! (u I' ... , lI i_ l' 11 i+l ' .. . , 11", 11 ,)1(11 1, ••• ,11 ,,) e RI , a nd: 

= \;Jl(u1'" " u"_I)I(II I , ···,u)e RI. , 
The 3 i," can be seen as upgraded permutations on II-tuples, so that we may think 

of them as being composed Ollt of the ba ic inver ions 3(ump) and 6(wap), corr -

sponding t certai n basic permutations: 

3/R) 
6,,(R) 

= 1(1I2,···,u",u l)l(u l,···,u,,)e RI 
= 1(11 1,,, ,, U", 11 ,,- I )1(11 1, ... ,11 ,,)e RI 

50 an existential quantifier prefix to a formula <p with 'I fre va riables, can be 

interpreted as an opera tion of the form (1:" 0 ~i, ,, = Gl:" 0 (6" 0 3,,)" 'i 0 3'"i on the rela­
tion expres ed by <p.3 This is as cl e as we can get to a compo itionaJ interpretation 
of quantificati n, u ing relatiol\s as meal\ ing . 

Finally onsider conjul\ction. Aga in, there appears to be a natural candidate for its 
compositional interpretation, viz. the prodllcl (or Iifted concatenation) operation4 2(" NI 

defin don (l1-a ry and /II-ary) relations Rand 5: 

~(".,n<R, 5) = 1(11 J' .. . , 11 ", V I' .. . , VIII) I(III ' ... , 1I,,)e R and (v I' ... , vlI/)e 51 

Clea rly, 91",111 can be used to combine the relations expressed by <p and \jJ in ca e 
they have no free variables in common. But in general, ?(",III would have to be slightly 
adapted5: if 

Fr(<p) = (XI' . .. ,x"L Fr(q,) = IY"+I' .. . ,Y,,+ml, Fr(<p) n Fr(\jJ) = lXi" ... ,xi.1 = !YjI' ... ,yJ.L 

and Fr(\jJ) \ Fr(<p) = !Y
J 
••• , ''''Yik •• J(where the X, and Y, are li ted in the order of thei r 

first appearence in <p and q" re 'pectively), then [cp&\jJ]M can be obta ined from 
9(",,,,([cp]M, [q,JM) by application of:6 

:OqJ, ",(R) = ! (11 J' .. . ,11 ", vj •• ", .. , vj. ) e 'l.P'+III-k I(u J' .. . , u,,+/I/) e RI . 

Again, it may be noted that :0 can be reduced to the more basic combinatoria l p­
eration 'J and 6, plus the (II-a ry) "eflexivizaliOll7 defined by: 

Dl/R) = {(li l' .. . , 11 ,,)1 (11 1, ... , 11 ", lI)e RL 

for any 1/+1-place relation R: :OqJ.'" is of the form 10 ... 0 k' where k is still the num­
ber of va riables common to cp and \jJ and each " is ofthe f rm 3k, 0 (6 03' )1; 0 HI 0 <>/1/;; 

"I "I '" the verification of the me sy detall are kindly left to the reader. 

3 

, 
• 

I am indebted 10 JuHa Hockenmaier und Klaus l~oberin8 for (jndepcndently) spotting on er r in an earlicr 
formulntion of U\is operation. 
The term 'product' is a misnomer jC we are dCilling with non-assodative ,Huples; Bernays 0 959: 3) thu 
proposes 10 viel" relations as sets of sirings (Kolomlfn), 
Fr(q» 15 the sel cf variables wilh free occurren es in <p . 

I am indebted to Pau! Dekker for spotting on error in an eilrlier formulalion of this operation . 
The term, due to Quinc (1 960), suggest that reOexive pronouns can be thought of as expressing 
!R1 operating on the c:densl n5 of transitive verbs. 
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We may thus cond ude that fi rst-order logic receives an almost composi tional 

interpretation when understood as a logic of relations, w hose formulae denote (or 
ex press) relations, and whose expressive mea ns a re there to combine these denota­

tions. How ver, it eems that light modi fica tions in our onception of composi tional­
ity, or in the language oE pred icate logic, would be necessa ry to really make compo­

sitionality work: either the expres ive mea n of pred icate logic do not uniquely 
correspond to semantic operations, or else ertain combinatorial op rations on rela­

tions must be addcd to the ordiJ1ary logica l operation of first-order logic. 

1.2 Quine's Predicate Functors 

The ab ve compositionaJi ty con iderations a re a natural sta rting point fOT a semantic 
journey from ord inary fi rst-order logic to its va riable-free counterpart PFL. For the 
latter is a logic of r lahons containing, as its ba ic logica l materia l, Boolean combina­

tion (!lI, 9(), quantification (~, as weil as the basi combinators 3, 6, and m. lts syntax 

and semantics a re easily g iven. It ca n be defin d a a family (PFL.)"ew where eaeh 
member eonta ins the II-plac pred icates that a re built up from the pred icate constants 
of fir t-order logic by means of thc predieate lUlletors N, A, E, J, S, a nd R in the 

obvious way: if Pe PFL", then so a re 'NP', 'JP', and 'SP'; if Pe PFL"+l' then 'EP', and 
'RP' are in PFL,,; and if Pe PFL. and Qe PFL"" then 'APQ'e PFL"+,,,. A model M (jor 
PFL) is ju t a fi rst-order mod 1 assigning appropriate ext nsi n to the basic predi­
cate con tants. And the M-dellota tioll ~PiM of any Pe PFL" is determined composition­

a lly: II N p~M = 9'I,,(IIPIIM), w hen Pe PFL", I IAPQ~M = ~(",m<lIPIM,~QIIM), when Pe PFL" and 
Qe PFL"" ete. It is then dea r from the above remark , that ev ry fir t-order formula cp 

(with 11 free variables) is equiva lent to a p redicate cp'e PFL" in the sense that [cp]M = 
Ilcp'IIM, for any mod 1 M. To give an exa mple, the compositi n formuta (C) from sec­
tion 1.1 could be cxpre sed by the followi ng binary PFL prcdicate: 

( ') ESJJj JRJJJA RS, 

where the fi rst block f functor eorresponds to the quantificr prefi x '(3y)', and thc 

second results from eonjoining 'R(x, y)' and 'S(y, z)'. 
The cx pres ibility of PFL-predieates in first- rd er logic is equally stra ightforward . 

With each PeFFL", we can associate a fir t-order formula 1', whose free variables are 

lx I , .. . ,x"l (i n that order), such that: 

(l) M 1=u'Y::::;"PO iff (u 1' ... ,!I.) e Ilp~M, 

fo r a ny model M. We let R, be 'R(x l , ... ,x")', w hen R is an Il-a ry predieate constant, 

and pu t: 
(N P), = '.,P/; 
(APQ). = ' [I'. & Q' lxI, .. . ,x ltl 

/ x,,-t,. ",xN+m ]] '; 

(EP), = '(3x) 1" . . . , 
(]p). = ' [ [I'. v ~P,l & r. lx1, ... ,x"/x" Xl x'I - 1]] '; 

(S1'), = ' [[Po v ~P.J & P. IXIl
-

1 ,x" / x",;/I-; jj;; 
(RP). = '~ [X"/ "-11' .. x , 
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wh never PePFL .. and Qe PFLm,s (!) can then be proved by inducti n on P' comple­
xity, but not here. Tt is not hard to see that applyi ng the procedure. to (C') results in 

a conjunetion of eight formulae the first sev n of which are tautologie, whereas th 
last conjunct i an alphabetic va riant of (C); moreover, the va riable oeeur in their 
'natu ra l' order, so that [(C·).]M is indeed II(C*)IIM, whichever M we pick. On the other 
hand, by attaehing the predieate funetor S (or J) to the I ft of (C'), we obtain a trans­
lation of the form 

(SC) [T(x l ,X2) & (3x3)( ... ( ... & fR(x2,x3) & S(x3,x' )] ... ]L 

where T(x l,x2) is a tautol gy with free variables Xl and x2 (in that order), and ' .. .' 
indicates a conjunction of tautologi s. 

1.3 Second-order Logic 

Let me now turn to seeO/ ,d-order predienle logie by which, following Do§en (1988), I shall 
mean the langt,age eonsisting of ind ividual and I/-plaee predkate va riables (for arbi­
trary rI ), So lea n eOl1l1eetives, and quantification over (i ndividual and predicate) va ria­
bles. The formation ruJes are the obvious ones; the type of an ,l-place predicate va riable 
is 1/ , that of an ind ividual variable is O. Note that we do not have any pred ieate or indi­
vidual constants, nor do we have functors or identi ty. All these as umptions are made 
to simpli fy matters, but they do not affect the substance of the consideration to eome. 

Semantically, a formula üke (2) ean be interpreted with re peet to an a signment 
G mapping individual va riables on individua ls, and ,,-place predieate va riables on 
I/-plaee relati ns over a given domain U: 

(2) ,(3R)('1x)[P(x) -) lR(x,y) H , R(x,x)ll . 

(2) is true under G, iff no bina ry relation R eonnects G (y) to exactly those element 
of G (P) that do not bea r R to themselves; henec (2) is a pompous formulation of the 
elementary predieation 'P(y)'. We thus ee that (2) expre ses a 'm ixed ' relation be­
tween individual and sets of individuals: 1(11 , PiE U X .(O(UJI I/ e PI . More generally, 
given a model M eonsisting of a universe U (a nd nothing else beeause there are no 
eonstants), a second-order formula <p expresses a relation [<p]M between members f 
thesets U", where Uo is U and Lf

ll 
is .(O( LfIl) when I/~ 1 : 

(*) [<p]M= 

{(u 11 '''1 unO'Pl, ... , P~ I/"" P1"ql, ... , P::)e Uöox U1"1 ... x U,~;"I 

R' R' Rm~ R m",) M L. XII " " Xno 11 "" " I' .• " 1 , . . " n... I 
r P' p ' p m." p m.) <p, " \1 ... , XII, l' ... , nl' . .. , 1 , .. " " ..,. 

where 1Il<p is the [argest -a rity represented in 'P, and for each k S 1Il'P, <p eontains I/ k 
free va riables of type k, Ii ted in the order of thei r fi r t free appearanee in <po The eon-

8 li/ 91' indicates simultnneous substitution of (ree i by 9; the tautologi al conjuncts in the c1auses cancern· 
ing J and 5 are there to prt'Servc the order of appearance. 
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tent of lhe above eguation is guite straightforward: a seeond-order f rmula expresses 

th relation holding among the individuals and relations satisfying it. Its m ssine s 
arises from the fa et that the exaet order of arguments must somehow be determined : 

the order chosen here g ives priority to the types of variables over their order of 
appeara n e; the obviou a lternative will be diseus ed in seeti n 3.1. 

Given this notion of expre sing mixed equations, it i natural to try and find a eom­

binatory version of seeond-order logie along the Iines of PFL. In faet, it seems that only 

little ha changed in passing fr m first-order to seeond-order predieate logic, beeau e 
th expressive mea n of the latter and their po sible eombinalions are merely specia l 

ea es of pred ieate logie in general. This point beeomes more obviou when we think 

of second-order log ie as a notation al variant of mal1y-sorled predieate logic, a lb it witl> 
a heavily restricted interpr tation (= dass of models): generali zing the above eon ider­
ations to the many-sorted ease ea nnot be more than a teehniea l exercise, and its result 
hould then ea rry over to second-order logic as just defined. 

I believe that thi Jine of rea oning is essentially correct, even th ug h it needs 
so me elaboration. I would al 0 Jike to a rg ue that thi s i the most natura l procedure 
for finding a eombinatory version of ec nd-order logic. This second point will be 
addressed in the final part. The deta ils of the analogy betw en first- rder predicate 
I g ie aS a logic of relations and PFL on th one hand, and econd -order logic and its 
combinatory cou nterpart on the other, wil l be the main bjeetive of the next eetion. 

2 A Variable-free Formulation of Second-order logic 

2.1 Categories 

Although both predi ate Jogie and predicate-fLlnctor logie a re purely relati l1a l, the 

yntax of th latter w ill be given in terms f (cJassical) eategoria l g ra mmar9 So we 
are given a et Cal, of calegories derived from the basic categories I (~ cJosed formula), 
and e (~ individua l term) by mcans of the binary operation I : if a, b e Cal, then al b 
e Cal. The intended interpretation is the usua [ ea teg ria l on : al b is the category of 

functors taking expres ion of eategory b (to their right) as arguments, and yielding 

expression of category a. The only ru le of combinati n for building up omplex 
expre sions, is the principle of FII//cliol1al Appliealio//: XY (= the re LLlt of concatenat­
ing X a nd Y) is of category a, w henever Xis of category al b and Y is of ca tegory b. 
Fi na lly, fo r notational convenienee, we a llow ourselves a /Jelilml category E ( f the 

emply string) such that al E = ela = a, f r any cat gorya. 
As a lways in ea tegoria l gra mm. r, Llllder tanding the members of Cal as syntactie 

cJasses is not the only interpretation p s ible. In part icLLlar, one maya iso think of Cal 
a a f.mily of (functional) Iypes of possible denotations. Thus I narura lly corre ponds 
to truth-values, e to individuals, al b to fullc tions from b type objects to a type objects, 

9 The qua Ii ficill Ion 'c:lnss. lcll l' is to dibtinsuish Ajdukiewlcl's (19 5) syntax cf lunctional applicat-ion (rom 
its more sophisticated modern suc essors, likc Lambek's ( 1958) calculus. as uscd by Do~n (1988), 
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and E to 101 (or me other fixed singleton). Alth ugh we wi ll not employ thi inter­
pr tation officia lly, it is still important to keep it in mind, if only to connect the con­
tent of thi s part with what has been aid before. 

Among the infinity of categories, some are particularly interesting for our purpo­
es and thus des rve their own terminology and notation. First of alJ, we may intro­

duce a numerica l notation for first-order categories: ll' = I, n+l = lile. Under thc com­
mon identifi cati n of scts with their characteri stic functions, Ii can be thought of a 
the category of "-place firsl-order relations, i.e. relations among individuals; note that 
ll' (= t) is the fir t-order category of c10sed formulae, expre sing truth-values. In sec­
tion 1.3 it was suggested that second-order formulae expre s 'mixed' or second-order 
reln/iolls of eategories ofthe genera l fOl'm: (". (no/T) I". ) /1) /2:)" . /'1:>" . /i1) I". ) 1/i1) 
where, for each i from 1 to In, loecurs 11, time. Wc may therefore represent sec nd­
order relations by finite sequenees (= (110' 11" •.. , " m», where SOme of the 11;, but not """ 
may be O. More precisely, the eategory a - is defined by reeursion on the length Ig(a) 

of non-empty finite sequences a of natural numbers: '(ii)' = Ii, a '0 = a, and ?ii+I = 
a " 11 I'fi((i); and we will usually identify a and a. Categories of the form (1l;)Os;sm 

are ea lled seeolld-order ealegorie . ote that evcry first-order eategory is also a second­
order ea tegory.lO As an exa mple we may think of 0 ,1), Le., (1,1), as the ea tegory of 
relations between individual terms and unary predicate , corresponding to funetors 
eombining with the latter to yield funetors that necd the former to make a formula: 
rr;n = '(1,(l)' 11 = 111 = U I e)IU I e). 

2_2 Predicate Functors 

Thc main task in designing a combinat ry version of second-order logic, i to provide 
a list of predicat funct rs and their ca tegories det rmining their syntactie behaviour 
(givcn a suitable eateg rial apparatus). In desigJung this li t, we will employ the ana­
logy between fir t and eeond order. ln partieular, we will eontinue to think of predi­
eate logie a a logie of relations, . nd of its basic means of expres ions as operating on 
the relations expressed by its formulae. We may thus expeet to havc three kinds of 
predicate funetors : (i) those that e rre pond to the basic means of expr ssion atready 
pres nt in first-order pr diea te logic; (ii ) tho e that eorrespond to seeond-order 
quantifieation; and (iii) the e mbinators making up for the 10 of variables. Moreover, 
w Illay expeet a elose ana logy between the latter and the eombinators J, S, and R of 
PFL: an analogy but obvioLi Iy no identity, for second-ordcr logic has more variables 
to be moved around and the movernent underlie additional syntaetic restrictions: 
individual variables eannot be identified (via R, say) with 2-plaee relations, ete. So we 
sha ll expeet slightly restricted versions of the old eombinators but nothing more; and 
this is what we will have. As to the funetors of group (i), we should not expeet them 
to be identiea l to those we had had in first-order PFL: the latter were there to modify 

10 The termin logy should be taken wHh care: a fin.t-order relation is not necessarily one thai is first-order 

dtfinablei nOf is l.l second-order relnli nOne thnl is expressed by some second-ord r formuln. Rather, U,,, 
tenns mark a distinction betwl'e:n the types of relations gctlcralfy erpresStd by formulae of different order. In 
particulor, Ihere are first-order relations (like identity) Ihnl can only be expressed by second-order formulae. 
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first-order relations, whereas now we need something to operate on secolld-order rela­
tion . However, we would expect these operators to b quit analogolls to N, A, and 
E, as indeed !hey will be. Finally, second-order quantification hould be a va riant of 
E, operating on second-order relations, and reducing different Idnds of argument-pla­
ces than the second-order counterpa rt of E. All of !his may sound trivial and obviou , 
but it is precisely these ana logies b tween first and second order that are absent from 
Do~en's (1988) ver ion of eeond-order pred icate functor logic. 

Let us start with the predicatc fWlctors llnder 0 ). As in PFL, negation will be 
represented by an operator turnmg one relation iJüo another one of the ame type. 
We thus assume that the symbol 'N' appears in aB (a nd only the) eategories of the 
form al a, where a is a second-order ca tegory. Note that this covers the ordinary 
first-order uses of N in PFL: they turn out to be specia l ca ses. Th same will be true 
of all predica te functors of second- rder logic. Needless to say, the intended interpre­
tation of nega tion 1 as before, i.e. complementation. 

ConjwlCtion Is sirnilar: if a and T are seeond-order categories, A will appear 
(only) in every category of the form «a+T)/T) / a, where addition on finite sequences 

is pointwise: (ll i)OS iSk + (m i)OS iSI = (11, + lIl i)OSis max(k, l)' Again the intended interpre­
tation should be obvious: the result R EIl R' of conjoining two second-order r lations 

Rand R', consists of a11 tuples o( the form Xo Yo'" Xmax(k,l) Y",ax(k, l) , where Xo ... X, E 
R, Yo ... Yk ER', juxtaposition indieate tuple-concatenation, XI e Ur i, and YI e Ur , 
for a11 j S mnx(k, 1). 

Quantifieati n over individuals i equaBy straightforward to adapt: the predieate 
functor E applies to any relation am ng 11 + 1 ind ivid uals and 111 relation f various -
ari tie , turning it into a relation between 11 individuals and the same relations. We thus 
assume that the predicate functor E occurs in aU, and indeed only, the categories of the 
form (er / a'), where er and a' are second-ord r categories that onJy differ in ero = a'o- 1. 

ow for (1i) econd-order quantification. Since a formula of seeond-order predicate 
logic may contaiJlmore than one predicate variable, there is in general more than one 
way of applying a second-order quantifier to it. In the case of first-order quantification, 
all of these combinations correspond to a single PFL-operator, E, plus a suitable per­
mutation of variables expressed by a block of Js and Ss: E's quantificati nal force only 
affects the final argument position. Such a imple correspondence is not available for 
s cond-order quantifieation: the last argument position of a econd-order relation is, 
by definition, one of a maxi mal -arity. In order to also be able to affect the argument 
po itions occupied by smaller rclaHons, we obviou Iy n ed more than just Olle second­
order cowlIerpart of E.II lndeed, we need an Ei for each -ari ty i, operating on the la t 
a rgwllE~nt position occupied by i-place relation ; th r st will aga in be done by combi­
natorial predicate fWlctors. So Ei turns a second-order relation of category 

(nO'"" "i+ 1" .. ,n", ) into its projection of category (nO' ,,, , " j, .• • , 11m), Cf we now identify 
the first-order funet r E a EO' we get a general sdleme of quantificati n in second­
order predicntc funct r logic: if i ?! 0 is a natural number, the predicate functor Ej occur 
in all and only the categories of the form (0/ er'), wh re a and a' are second-order cat -

11 A tuully, the multlpllcation of quanti(iers is duc I our p.trtkulnr definition ("") o( sa tisf.,ction: sec sec­

tion 3.1 (or an alternative. 
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gorie that nly differ in that a , = 0 '/- 1, The intended interpretation is as xpected: the , - -
result of modifying R by the i-th exi tential quantifier is the set of all tuples (Xo" ' " Y",) 
such that U,ere is ome Ye Ui for which (Yo ,,, Ym) e '1{" where Yi = Xi' Y, and Yj = Xj 

whenever j '" i, 
So only the pred icate hmctors of th third kind, Le, suitable second-order version 

of PFL's combinators J, 5, and R, remail1 to be specified , The above discus ion has 
made it dea r that they, too, must be indexed with the -arities upon w hich they act. 
Thlls, if i ~ 0 i a natural number, we have second-order predicate hll1ct r Ji, Si' and 
Ri , The fi rst two appear in the hll1ctor categories (0 I a), where a is a econd-order cate­
gory of length ~ i; and Ri will be found in precise1y th categories of Ei' The sp d fica­
tion of the intend d meaning of these fllnctors is left to th reader's in1agination, 

Table 1 gives a compl te sp eci fi cation of the family F = (F •• Ca') of sccond-order 
pred ieate functors, The notation 'a 'Ta" means that a and a' are of the ame Icngth, 
and aj = a'j whenever j '" i; a and ,are arbitrary second-order categories, a nd 'i ' ran­
ges over natural numbers, 

FUlictors Calegories 

N al a 
A «a + , )la)/, 

alo': (J 'f' a', (J/ = 0;-1 

5, 

o /e1': 0 ,:= (1', 0 , = oj-l 

Tabfe 1: The fRmily F o[ secorrd-ortler predicate functors 

2.3 Elementary Predication 

Table 1 cannot be the complete story concern ing econd-order predicate functor log ic: 
the second-order ca tegories a re empty and c,l tegorial combination obviously does not 
fill them, To get the categorial machin ry off the g round, the predicate fLlI1ctors need 
something to operate on, In the case of first-order logic, the (fi rst-order) predieate con­
stants served as a rguments to the (first-order) predieate functors, In second-order 
logie, we do not have any pr d ieate constants, so what hall the fun tors in Table 1 be 
applied to? Whatever it is, it w ill have to correspond to the at mic formlliae of second­
order I gie, just lik first-order predicat s represent at mic fir t-order formuJae in PFL, 
Now, the atomic fonnulae of econd-order logie are all of the form 

(3) R(x !, ""XII)' 

where the Xi a re individual variable and R is an II -ary pred ieate variable, We may 
as time that the va riable occurring in (3) a re pairwise distinct, any repetitions being 
dealt w ith by functors J, 5, and R, According to our sc he me of int rpretation, (3) 
expresses the (1I+1-ar y) second-ord er relation of (elellleli lary) predicaliol1 that holds 
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among individuals u1' ... , u" and n-ary first-order relations R, if and only if, R holds 

among u" .. . , lI". To tress the point, we may even reformulate (3) in a two-sorted 
fashion, II ing PRED as a second-ord r predicate eonstan!: 

(3') PRED (R, x I' ... ,x,,) 

Of course, (3' ) is not a formula f (our version 00 eeond-order logie, but it does r vea l 

the 10gicaL f rm oE (3) in tenn of a given relation of elementary pred icationl2 Under 

ur di tinetness a sumption, the formula (3' ) - viewed as a fi rst-order formula -
would be represented by PRED alone: it expresses what PRED denote . lt is therefore 

natura l to include among the basic mea ns of expres ion of second-order predicate 
functor logic, a second-order predicat expressing el mentary predication. 

So, apart from the more or less obvious generalizations of the PFlA unctors, second­
order pred icate funetor Logie ontains an additional logi a l tool, viz. predieation. 

Indeed, we need a whole fa mily of symboLs PRED" (n ~ l ), but their interpretation i 
completely schematie. Note that these symbols are not second -order pred icate constants 
in the ordinary sense: they are logical, not eontlngent (model-dependent). Nor are they 

predicate fun tors: they denote relations, not Olodifiers. What is their category? 
Obvi usLy that of the relation expres d by (3), i. e. th category abbreviated by the 11+1-
plaee sequence (11,0, ... ,0,1), which turns out to bc Ii f,i, w hich itself i a category of firs t­
order predicate fUl1ctors. Indeed , the funetional analogue of II-ary elementa ry predica­
tion is the idelltity mappil1g over the domain of Il-place first-order relations. 

2.4 Translation 

L will now sketch a translation proeedure assigning to every second-order formula, a 
semantica lly equiva lent formula of cond -order pred icate functor logic. The section 

w ill not conta in anything new, but simply g ive a mor precise account of w hat has 
been don so far. Moreover, my aim is a very modest one, v iz. to prove th mere ex­
istence of a semantica lly eorreet interpre tation of second-order logic in terms o f the 

predicate functors in F. Ln partieular, I anl not interested in que tions of elega nce or 
cOOlplexity. Fina lly, I will not say a nything about the reverse direction from F to 

second-order logic; this is partly becau e J take it t be even more obviou alld eloser 
to the fir t-order ease, a nd partly because I w ill return to these matters in the fina l 
pa rt. Thes things sa id, let m sta rt with 5 me ba ic defi nitions surrollnding the 

semantic effects of econd -order pred icate functors. 
A fi nite sequence of natural number is called a trivial de/'ivatioll if it is an identi­

" ca l Olapping i, i.e. of the f rm (0, ... ,11-1). Let 1I~2 be a natural number. Then the 11-
N N 11 

jlllllP is that fin ite sequenee ; of length 11 that satis fi e : ; (0) = 11- 1 and ; (111+ 1) = 111 

/I " w henev r ° $ 111 $ 11 -2; the II -swap is that /1-place sequence 5 such that 5(11 - 2) = 11 - 1, 
"" tI f1' I I 5(11-1) = 11-2, an d 5(111) = 111, w hencver 0 S ill < 11-2; a nd le /1-re ex 1S t le II -P ace 
5equence defined by: ~(II- l ) = 11-2 and ~( /11 ) = 111 i1 ° S ill < 11-1. A basic derivatiol1 is a 

12 (3') ean bc (!ithcr read a.s a tWQ-50rtcd Cirsl--ordcr (ormu ln, or olS a formula o( second-ordcr loglc containing 

lhl! (second-order n+ l-ary predi ale) COIl'llant I'RED.ln bot'h CilSCS, (~') Is only hlu!valcnl to thc 5 ond-ord r 
formula (3) i( we restri t ntlcnlion to 'standard' models in whic:h PREO denotes eiern ntary predicatl n. 
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sequence of the fo rm t f, s, or~. A derivntioll is a finite sequ n e of (not uniquely) the 
form Ö = ß I 0 ••• oßk, where a lI ßi are bas ic derivations. An arbitrary fi nite sequence 
over a non-empty set 'U is [ree, i rf it is inj ctive, i. e. if it contai ns no repetition . Thc 
combinatoria l fac t wlderlying the adequacy of fi rst-order PFL ca n be stated as folIows: 

(!) If (J is a finite sequence and T is a free sequence such that rge(T) = 
rge(o), then (J =ToÖ, for ome derivation Ö. 

(!) is ea Uy proved by inducti n on T' length, given certain obvious properties of ba ic 
deriva tions. The verifi cation of the details is left to the reader. The way in which (!) 
leads to a combinatorial f rmulation of first-order logic i equal ly straightforwa rd, and 
can be seen as asp eia l case of the following adaptati n to the second-order situation. 

For any non-empty set U and positive integer n, we let U
II 

be the power set of the 
Cartesian prodllct U", and put: U, = U Un' where Uo = U. A sntisfier l: (= (l:i)OSis n) 

n. ", 
over lIch U is a finite sequence of finite sequenc s over U" such that each l:j con i ts 
of members of Ui and l:n ~ 0; we will refer to the equence (lg(l:O)" .. , Ig(l:II» a l:'s 
type.l: is [ree iff each l:i is a free sequence. A Bn ie Derivntion D. is a finite sequencc of 
basic derivations, all but (exactly) one of which are trivia l. If D. and D.' are fini te se­
quences of deri va tions of the same type, then D.oD.' is the sequence (D.i0D.;')OSi<lgtl»' 

A Derivntioll is a finite sequence D. = BIo ... 0 Bk' where a ll Bi are basic Derivati ns of 
the same type. The natural sec nd-order counterpart of (!) is: 

(! !) If l: is a satisfi er and T is a free a tisfier such that rge(l:i) = rge(Ti) for 
all i S Ig(l:)-l, then l: = ToD., for some Derivation D.. 

(!!l immediately follows fr III (!): D. can be con tructed by grad ually transforming each 
Ti into l:i' using a basic derivation ßi obtai ned from (!), and expanding it to a Ba ic 
Derivation Bi in the only po sible way. Wc may now use (!!) to reduce the relation 
expre sed by arbitrary quanti fier-free seeond-order formulae to the relations expre -
sed by the pa rti ularly simple and easily tra nslatable Iree formulae, in which each 
va riable oeeurs exactly onee. The folIowiJlg two observations make thc eonnection: 

(a) 1f x and y are va riables of the same type, q> is a second-order formula, 
y occur freely in q> but not in the cope of (3x), then there is a Deri­
vation D. such that [q>lylxl]M = {l:11:0D. e[q>]M}, for every model M. 

(b) lf P is a eeond-order pred icate and D. i a Derivati n, then there is a 
sceond-order predicate Q such that IIQIIM = {l:Il:oD. e IIPrt} for every M, 

(a) is a direct eonsequen e of w hat i sometimes called the SlIbstitlltiO/l Lemma: 1: 
satisfies q>{Y Ix] iff l:' sati fi q>, where l:' is a certai n satisfier with l:'s range. - (b) i 
a d irect application of th interpretation of (s cond-order) predicate functors; it can 
be proved by ind uetion n the structure of Derivations. 13 

W can use (a) and (b) to define a tra nslation .: <p .-. q>' atisfying: 

(c) lf q> is a seeond-order formula, then there i ase ond-order predica te 
funetor expres ion q>' such that [q>]M = 11q>'IIM, for any model M. 

tJ M re accurately, the induction would have 10 run on the length of flQmts f Derivations. defined in lhe 
way uggesled by Ihe above n talion. 
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, can be defined by induction on q>'s syntactic complexity. An atomie q> may be 
obtained from a fr e q>', by replacing free (individual) variables 0 that, by iterated 
application of (a) and the as ociativity of 0, we may conclude that [q>]M i of th form 
ILILoA e[q>']M) = IL ILo A e ~PRED" IIM I ; so (b) applies, providing us with a pred­
icate functor version of q>. A simila r argument works in the ca e of conjoined f rmu ­
lae [q> & ~' 1. whieh can be btained from free [q>' & q,') of equal complexity by sub­
stituting free (individual and predi ate) variables; by a renaming of bound variables 
(to make (a) applicable) and the inductive hypothesis, we have: 

MMM[q>& q,]M = [L ILoA e [q>' & q,']M) = {L{Lo A e[q>']M Etl W]MI 

= {L ILoA e~<p" IIM ESIIl\.>" IIMI = {LIL oA e ~ A <p" l\.>" {IMI, 

so that (b) applies agai n. Negati n being straightforward, we are left with quantified 
formulae (3x)q>, where x is a va riable of type /I. By th combinatorial fact (!!), 

for some X e U", where LX is like L except that L~ extends Ln by X, and where Ais a 
fi xed Derivation determined by x's first appearance in <po Thu , using induction, we 
know that [ (3x)q>]M = {LILX oA e 11q> ' IIM, for some X e Uni 

= {LILXoA e 11 <p'~M, for ome Xe U,,) = ILI for some X e U,,: LX e[Q]Mj, 

for m second-order predicate functor expression Q provid d by (b). Hence we let 

«3x)<p)' be E"Q. 

3 Alternative Formulations 

3.1 Subscripts Explained Away 

In spite of the sehematie ehara ter of Table 1, Ihe infinity of logiea l operators and 
combinators may be regarded as a serious defect of our combinatory formulation of 
seeond-order log i .14 lt is therefore natural to ask whether we ca nnot do better, and 
somehow find a finite reformulation of the above system. Now, although r have not 
been able to a rrive at thi goa l (nor to prove the impossibility of this enterprise), it 
turns out that a imple modification in our ba ie sell/n/ltic eoneepts ahnD t gets us 
there: it a llows U5 to reduee Table 1 to a finite Ii t, leaving U5 w ith the infinity of the 
PRED symbol . In this ection, [ will briefly sketch this a!mo t finite ver ion of 
econd-order predieate functor logic. 

In section 2.3 we have lI sed two- rl d first-order logic in order to ex plai n away 
the variables of atomie formulae. We could have gone a step further and derive eom­
binatorial tran lations <pO of arbitrary second-order formulae q>, by imply tran form­
ing their Iwo- rted analoglle q), using standard deviee of first-order PFL, as dis-

14 It shnrcS lhis def t wilh Do~e.n's (1988) version, cvc.n though (in seclion 3) lhc. ldtte:r cll usses saml' pos~ 
sible reductions cf his logical operators by ciltegorinl mcans, but none cf them leads to a finite list. 
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us ed in secti n 1. f cour e, this procedure would not have b en in accord with 
our definüion (') of second-order sati faction, wh ich gives priority to the variables' 
types over their order f appea ranc . But, certainly, we could have given an equally 
adequate and plaus ible 'type- free' definition f satisfaction: 

where f contains the (individual and predicate) va riable xI' ... ,xII ' in that order. in 
fact, (:) is e entiallya specia l case of the conccpt of sati sfaction in first-order log i . 

, 1 

And, c1ea rly, using I · B instead of [ .] would render the tran slation 'P"'" <p---> <Po fuJly 
adequate. Moreover, it is obvious that thi translation can do without any subscripts 
on pred icate funet rs, b cause they are not need d in step 2. 

In tead of following this line of reasoning down to its details, let us explore its 
consequence by looking at ome examples. Consider the (contrad ictory) second­
order formu.1a (4) and its two-sorted analogue (4): 

(4) ~ (3 P) ~ (3x) P(x) 

(4) ~ (3 P) ~ (3x) PREDI (P,x) 

(4) and , consequently, (4) can be given the fol.1owing PFL-translation: 

(40) NE N E PRED j . 

if we compare this resuIt with that of the procedure ' from section 2.4, we find a 
striking similarity: 

But th similarity is d ceiving, because it depends on the fact that thc innermost 
quantifier in (4) happens to bind the last variable in its matrix. This becomes ap­
parent when we start moving the quantifiers in (4), ttlrning the contradiction into a 
tautology: 

(5) ~(3x) ~(3P) F(x) 

(5) ~ (3x) ~ (3 P) PRED I(P,x) 
(5°) NE N EJ PREDI 
(5') N EI N E2 PRED I 

The pr ence of J in (50) is forced by the fact that the inner quantification does not 
a ffect the last argument of the relation expressed by PRED j . No stich device is nece -
sary (a nd, in fact, applicable) in (5'), where the two argument positions of PRED, are 
independently accessible, due to their distinct types. 

The freedom with which the functors J and S apply to mixed relations like PRED1 
in O-translations, but n tin our '-version of econd-order pred icatc functor logic, may 
give the wrong impr ssion that the subscript-frce variant of s cond-order logic is sim­
pler, in that its syntax can be given without a rather intricate system of categories uch 
a F. However, the correct use of the refl exive functor R depend on the type of the rela­
tion it is applied to. For, certainly, in neither variant of second-order PFL anything like 
R PRED I is interpretablc, de pite the fact that predication i a binary relation. So we 
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may safeJy concJude that a subscript-free formulati n of second-order predicate func­
tor logic is as eomplicated as our version. ßut, of cou rse, th e eomplicati ns are only 
due to the hidden sOl'ledlless of second-order logie, not to it semantic c mplexity in 
tem1S of higher-order quantification: it w uld also arise in the translation of many-sort­
ed first-order Jogie along the lines of the pr ent section. 

3.2 Remarks on Dofen/s 'Second-order logic without Variables' 

We finally get to abrief comparison of the language of section 2, with K sta Dosen's 
(1988) ver ion of second-order predicate functor logic. 19noring detail of implemen­
tation as weil as Dosen's strictly syntactic perspective, the most striking difference 
between the two approaches lies in Dosen ' use of a quite different kind of predicate 
funct r that cannot be found in either Quin 's original formulati n, nor in the above 
versions of PFL. Let me give an idea of what I take to b Dosen's rea on for adopting 
the e fun tors. 

Dosen's overall stra tegy for findi ng a variable-free formulation of s cond-order 
I gic i to extend Quine's finst-order PFL by addi ng new logical mat rial, but without 
cJlanging what is already there. Thus, e.g., negati n should be translated by th firs/­
order predicate functor N of category Ii (ii, b cause it already appears in Quine's PF/... 
But this categorization obviously poses a problem when we want to negate secolld­
order formulae. Take an atomie formula P(x) expr ssing elementary predication, and 
thus t be translated bya (primitive) mixed predicat PRED, of category li/li, as we 
have een in section 2.3!'5 ßut, certain ly, we cannot combine the latter with Quine's 
first-order N by functional application; rather, what we need is j l/lle/iollal eOll/positio,,: 

[~p(X)]M (R)(I/) = 1 

iff [p(X)]M (R)(I/) = 0 

Uf WREDI ~M ~)~)=O 
iff 9?,(IIPRED 11IM (R»(I/) = 1 
W 9'1 1 0 II PRED,~M (R)(I/) = 1 
iff iC(N,PRED1)IIM (R)(u) = 1 

where C is a new operator expressing functional compo ition. Similar considerations 
show that we need a ternary variant of functional composition in order to conjoin 
second-order formulae by me8l1S of Quine's first-order A. Otherwi e, Dosen's 
second-order predicate logic is quite similar to the version sketched in section 3.1. 

TI1e in lusion of composition operators rai e the question of whether they are 
actually needed. Dosen 's (1988: 256) answer is: 'We suppo e that their pre enc in 
our variable-free formulati n of thi second-order language, sh ws in what way the 
combinatory role of bound variables in second-order logic is more complex thal' the 
c mbinatory role of bound variables in first- rder logic'. J believe this conclusion to 

I' This analysis of atOl1lic second- rdcr formu lne 1$ in ace rct wi th Do~en's ilccount, whcrc we find so-cal­
Icd 'combinatory prcdi ale functors' Idk. Unfortunat'CIy, Do~n 0988: 255) doe& n t mnke lhe connection 
bct ..... cen them .md alonuc sccond-order formulnc e pressing clcmenlary prt!dicatioll and concludes that 
they 'are introduced for more technical reilsons'. 
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be somewhat exaggera ted . For, as we have seen, there are alternative formulations of 
combinatory second-ord r logic that can do without any op rators that are not direct 
adaptation of Quine's original predicate functors. 

One may objeet that, although it is technica lly possible to explain the composition 
operator away, with them we get a more natural or more plau ible combinatory for­
mulation of second-order logic. Second-order predica te logic is, after all, an extension 
of fir t-order logic, obtaincd by add ing new qllanti fiers. 50 shouldn' t second-order 
predicate functor logic be an extensiol/ of Quine's PFL, instead of a recategoriza t'i n 
procedure? J think not. Fir t of all, we may note that, in asen e, Do~en's va riable-free 
second-order logic also needs ome reeategorization of old predicate functor : it con­
tains second-order versions of J, S, and R, and wh ther we ca 11 these new, econd­
order functor or reca tegorizations of old, first- rder on is merely a matter of taste 
and terminology. 5econdly, it is not quite true to say that only quantifiers distinguish 
second-order logic from first-order Jog ic: we also have new tree va riable ' denoting 
relations, and these va riables play an es ential role in the most natural emantic inter­
pretation f eeond-ol'd r aa logic of (mixed ) relation . M st importantly, however, 
the idea of u ing Quine' first-order functor in second-order Jogie is at odds with the 
original m tiva tion behind PFL. Let me explain. 

Jf fi rst-order formulae express relations among individuals, then certainly econd­
order PFL hould take second-order formulae as expressing r lations among first-

rder relations and individuals. Now, beeause first-order f rmu lae expre s relation , 
Boolean conn etives operating on the meanings of such formulae are naturally inter­
preted as op rators on uch relation , i. e. a Quinean predicate fun tors; the sa me i 
true of the quantifiers. By the same token, a econd-ord r version of PFL would natu­
rally interpret Boolean connectives as operating on the meanings of second-order for­
mulae, i.e. relations among ind ivid uals and relations; imilarly, econd-order PFL 
would have to rega rd quantifiers (of w hatever order) as such higher-order pred iea t 
functors. In partieular then, there is no place for Quine's original predicate funetors 
in second-order logic! Rather, we would have to reca tegorize negation, conjunetion, 
and existential quantifieation (as weil a the purely combinatory operators) a higher­
order funetor - just as we did in Tabl ] above. 

The contrast between Oo~en's introduetion of eomposition operators and our strat­
egy of reeategorizing old funetors, is familiar from ategorial Grammar: instead of 
direetly eombining two expres ions of eategories a/b and b/e into something f eate­
gory a/e by a prineiple of FunetionaJ Compo ition, we may mise th first one to C<l te­
gory (a/e)/(b/e) by Genelt 's Rule: whatever is of eat gory alb, is also of eategory 
(a/e)/(b /e ).16 Jt is elea r that, in the pre enee of the princi ple of Funetional Appliea­
tion, Geaeh's RlIle can be used to deri ve Funeti nal omp sition; moreover, in the 
ab enee of any higher-order funetors, the latter is all that G aeh's Ru lc can be u ed 
for. Let us look at our simple exampJe ~P(x) aga in! The atomie formula i of eategory 
(1 ,1), i. e. (t /e)/(t je) and so is Quine' negation. On the other hand, in Table 1 we also 

16 See v"n ßcnthem <t99I: 26) or von Stechow 0991 : 124f.) for discussions Oll the relat ion belwcen Gench's 
Ru te "nd functiona l composition. The correspondence necded for O\lf present purposes is 11 tually 
slightly more general- ns in Ceach'5 (1970) origin.,l papt..'f. 
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find negation N in eategory (1,1)/0,1) = [(t /e)/ (t /e) ] / W /e)/( I fel L Le. the result of 
applying Geaeh's Rule to N's original eategory a/ b = (t /e)/ (t je) and c = (t je). From 
Do~en 's point f view, our eategori zation of N ean thus be seen a a way to avoid a 
prineiple of Funetional Composition or, equiva lently, predicate fu netors to tlüs effeet. 

Another appliea tion of Geach's Rule may be seen in Quine's origina l replacement 
of the truth-funetional eonllective ~ by the predicate funetor N. Fr In a categorial 
point of view, the former is of eategory I/ I, whereas the latt r's unary variant is in 
(I /e)/( I je), as we have just se n,17 ln section 1.1 it was argued that the emantic idea 
behind this type hift may be seen as a tep towards eompositionality: more eomplex 
meanings (relation instead f truth-values) ca ll for more complex semantic combi­
nations. Of cour e, this complex ity eould equally weil have been aehleved by adding 
compo ition operators, mediating between n gation as a truth-fwletOr and predica ­
t s it i applied to. That is, in tead of N<p*, one could have given the eombinatory ver­
sion of ~<p a C(~, <p'), where C is a predicate funetor expressing functional composi­
tion: ~ C(f, p)~M(u) = '\ iff Ilf IIM ( II P ~M)( II) = 1. Surely, this is not what Quine did . But the 
fact that he could have done it, shows that the composition operators in Do~en's ver­
sion of second-order PFL cannot be ex plained bya lligher complexity of variable bin­
ding in second-order logic: we could have them in variable-free formulati ns of first­
order logic, and they wouJd d the very sa me job of avoiding a recat gorization of 
operators. Any yntactic complieations in second-order logic are due to it sorted 
eharaeter that is ref! cted, not in the need for new functor , but in the complicated 
a.signment oE ca leg ries 10 the old one .'R 

No/es 

... on the pre-published ver i n Zimmermann (19 6) 

Since 1 finishcd lhis paper in 1993, my views on variablc~free logics have undergone 

same seriolls changes, and are there.fore not always adcquately reflected in the above 

text; ! have still decided to publish the material in its pres nt form, becCluse a lhorough 

revision w uld presumably co t mc m re time tha" I ca n afford at the mom nt. With 

v ry few exception (olle o( which is noted in (ootnote 3), t"he corrections I have never­

theles made are due to observati ns made by Klaus Robering, without whose enc:oura­

gem nt the paper would l1ever have left my drawer; [hope to be able to reply to his more 

pro(ound criticisms at a later opportunilY . 

.. . 0 11 th presenl version 

The revision nnn unced in thc above note still has to wait (cr an ther opportunity. The 

present version is almost ident"ica l to its predece SOr: wHh the exception of tbe one men­

tioned in foot note 6, only a few minor errors have been corrccted. All changes result 

from suggestions made by Paul Dekker and Michelle Weir, both of w hom I would like 

to Ihank for their ca reful readil1g. 

17 The possibility of generating predicatc "egati n from a truth·functional conncctive was part of thc moti­
vation for Geach's (1970) pl'oposaL 

18 This paper has pro(ited from correspondcn e nnd discussions wilh Kosta ~cn, who - dcspite our disn· 
gre<-Illcnt - cncouragcd me to lurn whnt WilS orlginl111y plonned llS pllrt of a review into an article. For 
cri tkal remarks and var;ous hinls I an) also gralefullo Fran? ßcil, Regina Eckardt, Ur~ P.g li, Fritz Ilamm, 
audiences al lhe univcrsitie of Stuttgart and Tübillgen nnd, most of all , l lans Kamp. 
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