A Appendix: Proofs

A.1 Selected Observations

ad h): a e RT iff a* = a.

We reason by induction on |a|, where a € FT. If |a| = 1, then a € {t,e} and
hence a € RT and a* = a by definition. For the inductive step, we sepa-
rate the directions. “ = ”: There are two cases: either (a) a = (st); or (b)
a = (bc), where b,c €e RT. If (a), a* = a, again by definition; if (b), b = b*
and ¢ = ¢*, by induction. Moreover, (bc)* = (b*c*), by the definition of the
shift * and given that b = b*. Hence a* = (b*c*) = (bc). — “<=": If |a| > 1
and a € FT, then there are two cases: either (c) a = (be), or (d) a = (sc¢),
where b,c € FT; in both cases, we reason by contraposition. Turning to
(c), an inspection of the definition of * reveals that a* = (b*d), for some
d € 2T. However, if a ¢ RT, then either (c1) b ¢ RT or else (c2) ¢ ¢ RT,
given the definition of RT. But in case (cl), b # b*, by induction, and thus
a* = (b*d) # (bc) = a, by the characteristic property of ordered pairs.! Yet if
(c2) applies, ¢ # ¢*, by induction, and at the same time, d = ¢* or d = (¢*t),
depending on whether ¢* is Boolean. Either way, d # ¢: ¢ # ¢* by assump-
tion, and ¢ # (¢*t) because |c*t| > |¢|, by ). So, a* = (b*d) # (bc) = a. — As
to case (d), the two basic sub-cases are immediate: (se)* = (e(st)) # (se);
and (st) € RT, anyway. In the remaining two cases, a* = (bd), for certain
b,d € FT — and thus: a* = (bd) # (sc), because s ¢ FT.

ad j): If a ¢ RT, a* € BT.
An induction on a € FT reveals that:

) Ifa*¢BT a* =aq,
which is equivalent to j), in view of h). More specifically, if a € {e, t}, j*)
holds trivially. If a = (bc) and a* ¢ BT, then a* = (b*c*), where ¢* ¢ BT.
But then b = b*, by the definition of (bc)*; moreover, by induction, ¢* = c.
So a* = (b*c*) = (bc) = a. Finally, if a = (sb), a* € BT, by 1).

ad m): £° is (i) surjective but (ii) not injective.

It should be noted that £%: UgepT Do — UgerT Do only because we have
been assuming that (+) D, n Dy = @ whenever a # b; otherwise £ might
not even be a function to begin with. But given (+), (i) immediately follows
from 1): if a € RT and y € Dy, then y = idy(y) = fp(y) = £°(y). As to (ii),
whenever a e FT ~\RT and x € D,, kq(x) =y Dy+, where a* € RT. Hence,
by 1), far(y) = ida+(y) = y. But then: £%(x) = fa(2) = y = fa- (y) = £°(y),
even though z # y, due to the disjointness assumption (-+).

"However ordered pairs are defined, they satisfy the condition that (z,y) = (z',y’) iff z = 2’
and y =y'.
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ad 0): g["[u]* = 6*[*ka(u)]
To begin with, we have:

9" [u]* (%) =

Ka (g[x/u](l')) = by the definition of h*
Ra(u) = by the definition of h[Y/s]
g [m/l%a(u)]('i) by the same definition

But then, for any y = z* € Var ~ {Z,i}:

9%/ u]" (y) =

/‘:ia (9[*[ul(2)) = by the definition of h*
/‘Ga(g(z)) = y#Z and thus z # x
9" (y) = by the definition of h*
9" k()] (W) v+

ad q): The two claims being very similar, we only prove the second one:
My(/X/) = i{ .
Given b= (bt) e RT nBT, where b = (by,...,b,8), X € D and arbitrary
z1€Dy,,...,zp €Dy, and w € Dy, we have:

Me(/X/)(®1) ... (zn)(w) =1
ifft  P(z1)...(xn)(w) =1, for any P € Dy such that /X /(P)=1 IL*int.
it  P(z1)...(xz,)(w) =1, for any P € Dj such that P = X def. /-/
iff X(z1)...(zp)(w)=1, identity
which means that [1,(/X/) = X, by extensionality.

ad t): kg is (aa™)-invariant .

Let (7q)qe2T be a permutation of (Dg)geor (Where Do and Dy are arbi-
trary, non-empty sets). Then for any IL*-model F' and IL*-assignment g,
the corresponding permutation model F, and permutation assignment g
are defined as: Fj := mo F and g, := mo g, where ‘o’ denotes functional
composition.! A routine induction shows that, for any a € FT and any
aelL?: (%) [a]f=9 = 7([a]*9). But then:

Ra
= [ra)"™ def. fia
= [[Iia]]F”’g" Coincidence Lemma'™
= 7([Ka]™) (*)
= 7(Ka) def. f,

The logicality of aa* and the embedability of a into a* then immediately
follow from the x-Lemma and the pertinent definitions.

in other words, Fy(c) = w(F(c)) and g-(z) = 7(g(x)) for any ce Con and z € Var.

e very &-notation had already taken this step for granted. Strictly speaking, it requires
a more general (and standard) version of the Coincidence Lemma that generalizes over
models as well as sets of individuals and words.
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ad u): ((se)e)((se)e)® = ((se)e)((e(st))e) is not logical.

To be sure, ((se)e)® = (se)%® = (e°(st))e® = ((e(st))e, by the very definition
of Kaplan’s shift ©. Taking advantage of the model-theoretic perspective, we
assume that Dg = {wg} is a singleton, whereas D, has at least two mem-
bers, and show that for any F € D (se)e)((e(st))e) there is a permutation 7 of
(Da)acat such that m((e)e)((e(st))e) (F) # F. To adopt a strategem of van
Benthem [1, p. 319], we first obberve that, given the circumstances, the do-
mains D, and Dy, are isomorphic in that the elements of Dy are of the form
ce:= {(wo,x)}, where ze D, and ¢, # ¢, for distinct x, y € Ds. Moreover,
for any permutation 7 and any cg € Dy. we have:

(*) Tse( €z ) (wo)

= We(cm(ﬂgl(wo))) def. 7o
= me(eg(wo D. = {wo)
- 7Te w) def.cm
= Cﬂ'e(w)(wo) def. Crg ()

In other words:

(2) Tse(€a) = Cro(a),

by extensionality and given that Ds = {wo}. As a consequence, the func-
tion g := {(cz,z)|x € De} is ((se)e)-invariant; for if 7 is a permutation and
Cz € Dge, we have:

7I-(se)e(g)(cw)
= 7Te(g(ﬂ's_el(C:z))) def. T(se)e
= 7Te(g(cﬂ'gl(m))) by (3)
= me(n. () def. g
= T Te 0 Te—1 = ide
= 9(cz) def. g

Now suppose F' € D((se)e)((e(st))e) and put: o = F(g)(0e(st)) # T1 € De. We
may then consider the transposition

?i= [ide N {(20,20), (z1,21)}] U {(20, 1), (z1,20) }

and observe:

ﬂ(é(se)e) (e( (F)(g)(oe st))

= T <F<[ 7l o] (9))) (Oc(er)) def. 7 0o oo
ée(st (F(g))(0, (st) ) g’s invariance
- é(F(g)([ 7] (Oce)) def. )0
= Wg (F(g)(oe(st))) O (st)’s invariance)
= Wg(fco) def. zg
= T def.r!
* Lo assumption
- F(9)(Ouuy) def. 0
Hence Wf( (F) # F, which means that F' is not invariant.
se)e)((e(st))e)
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ad w): (I)a=a” iff a=a", and (II) a* € BT iff a* ¢ BT.

We reason by induction on a € FT. If a=t or a = e, a* = a = a” and thus
both (I) and (II) hold trivially. — If @ = (bc) and a* = (b*c*), then either:
b="0b*, or: ¢* € BT, and so either: b =b*, or b* € BT, by induction. Hence
a* = (b*c") and we have:

I) a=a*

iff b=b" and c=c¢" characteristic property of ordered pairs
iff b=b"and c=c* induction
iff a=at characteristic property of ordered pairs
(1) a*eBT

iff ¢ eBT def. BT
if ¢"eBT induction
iff a*eBT def. BT

If a = (be) and a* # (b*c*), then a* = (b*(c*t)), b # b*, and ¢* ¢ BT, by
the definition of (bc)*. Hence, by induction: b # b*, and ¢* ¢ BT, whence
a® = (b"c*(t)). So (I) holds because a = (bc) # a* = (b*(c*t)), given that
lc| < || < |e*|+1 = |(c*t), and a = (bc) # a* = (b"(c"t)), by the same
token.”Y And (II) holds given that both a* and a* are Boolean. — If a =
(st), a* = a = a* and thus both (I) and (IT) hold trivially. — If a = (se),
a* = (e(st)) = (e*(st)) = a* and again both (I) and (II) hold trivially. —
If a = (s(bc)), where b # s, then a* = (b*(sc*)) # (s(bc)) = a; for otherwise
we would have: s = b* € BT. But then a* = ((bc)*(st)) # (s(be)) = a;
for otherwise s = (bc)* € RT. Hence a satisfies (I). Moreover, a* ¢ BT,
by (i), and a* = ((bc)*(st)) € BT, which settles (II).-Finally (and simi-
larly), if a = (s(sb)), then a* = (sb*(sb*)(st) # a; for otherwise we would
have: s = (sb)x € BT. But then a* = ((sb)*(st)) # (s(sb)) = a; for other-
wise s = (sb)" € RT. Hence a satisfies (I). Moreover, a* € BT, by (i), and
a* = ((sb)"(st)) e BT, which settles (II) and completes the proof.

A.2 Footnotes
A.2.1 Fn. 14

We need to find a bijection z — Z between Ugep Var,. (i and Ugert Var,
such that, for any a € FT, & € Vary- if z € Var,. To construct such *, we
represent all variables of a type a € FT as vy, 4, where n € N. First, we observe
that, for any ¢ € RT, the set [c¢] := {a € FT | a* = ¢} is finite, by f), and
non-empty, by h), and can thus be represented by way of a (repetition-free)
list of some length \c\ + 1: [c] = {[c]o,.--,[c]\o\} # @. As a case in point,
[e(st)] = {e(st),s(et),se}, whence \e(st)\ = 2. Keeping the enumeration fixed

VWe leave it to the reader to show that, for any a € BT,|a| < |a*|, which is just as
straightforward as observation f).
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(for each ¢ € RT), any type a € FT is thus identifiable by its position fa:
a =[a"]ya, where, fa # §b if a* = b* and a # b. Continuing the example, we
thus have: fse =2. We now put, for any n € N and a € FT:

Unoa = Vf(n,a),a*» Where f(n,a) =nx(\a™\+1) +fa.
Using the same enumeration as before, we thus have: 02 = vg ¢(st); and the
variables of type a = e(st) are arranged as follows, where b = s(et), and ¢ = se:
V0,0 = W,a; Vl,a = 176:27; V2,0 = 170‘:0; V3,a = m; V4,0 = m; V5,0 = m; etc.

Obviously, € Vary~ whenever x € Var, and a € FT. It remains to
be shown that = — Z is (a) one-one and (b) onto Userr Var,. ad (a): if
x, y € Var~{i} and & = vpq # Y = Upp, Where a* # b*, T € Varg- and
7y € Vary«, and so T # ¢, since Vargs n Vary = @V But if ¢ = b*, and
X = Upga * Ump =Y, then either (al) ja = b, or (a2) fa # §b but m # n. In
either case we have f(n,a) # f(m,b):

(al): f(n,a) =nx(\a*\+1)+fa+mx(\a*\+1)+fa=mx(\b*\+1)+4b= f(m,b);

(a2): f(n,a) mod a* = fa, whereas f(m,b) mod a* = f(m,b) mod b* = {b.
and so f(n,a) # f(m,b)."!

So in both cases we have: & = v(p.a).a* # Vf(np),a* = Vf(a,b)b* = U-

ad (b): If ¢ € RT and y = vy, then either (bl) m < \c\, or (b2) m >
\c\. If (bl), then there is exactly one a € [c] such that m = fja and thus
f(0,a) =0x (\a*\ + 1) +§a =m, whence 054 = Vf(a),a* = Um,e = y- And if
(b2), then there is a k < \¢\ such that \c\ mod m = k and thus an a € [¢] such

that §a = k; so if we put n := \mc\—‘fi, we have: f(n,a) =nx(\a*\+1)+fa=

Bk s (\A+ 1) 4k =kt k= m, and thus: T = Vp(a)ar = e = V.

A.2.2 Fn. 30

(i): (te)(ee) is logical.
This is because id, is ee-invariant, and thus so is {(f, ide)|f € Die}[€ Dte)(ee) ];
as is readily verified.

(ii): D(te)(ce) contains an injective function.
pr— :D:a
In view of the basic set-theoretic fact that, for any a,b € 2T, Dgp = Dy

(where X is the cardinality of a set X), it must be shown that Dy < Dee,
for any n := D.. Now, if n is infinite, then Die = n? =n < 2" = n™ = Dee, by
basic cardinal arithmetic."" And if n is finite, 3 cases may be distinguished:

YThis is one of the standard disjointness assumptions about logical notation that we have
been making all along.

ViHere n mod k is the remainder of the (Euclidian) division of the dividend n by the
divisor k.

ViiSee, e.g., Ebbinghaus [2, p. 142, 2.12].
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—Dx —D.

n=1:Then Die=D, =12=1=1'"=D,

n_ﬂ:Thenﬁ:ﬁandthusD_tezD_ee.

n>2 : Then n=m+2 (where m > 0) and:
D_te:ﬁDt:nQSnman:nm+2:n”:Dee.

(iii): (te) is not embeddable into (ee).
It suffices to find some D, such that D ie)ee) does not contain any invariant

1-1 function. So let De be 2. Then Die = Dee = 22 = 4 is finite and so any
injective F € De)(ce) 18 Surjective; in particular, ide = F(f), for some fe Die.
But then, given such F and f and the permutation m, that swaps the two
members of D, we would also have:

F(f)
= Tee (F(f)) invariance of F(f) [=ide]
= T (te)(ee) (F)(me(f)) definition of 7(te)(ee)
= F(Wte (f)) invariance of F'

Given the injectivity of F, it then follows that f= m(f), which cannot be
because:

me(H(1)

Tie (f) (e (1)) m = idy
Te (f(l)) definition of 7 (¢e)(ee)
f(l) definition of 7.

A.3 Lemmas
A.3.1 k-Lemma

Claim: £, is injective (one-one).
We reason inductively on a € FT and make use of the characterizations of
kq observed in k).

If f,f € D, and f # f', where a = be, then f(xg) # f'(xo), for some zq €
Dy. Hence (1) k(f(x0)) # fc(f'(20)), by induction. There are three cases:

o b=0b":
then, by (i), fc(f(20)) = ka(f)(@0) and ic(f'(20)) = fa(f) (z0).
So, given (!), fa(f)(z0) # ka(f')(z0) and thus i, (f) # £a(f').

e bxb*and ce BT:
then, by (i), c(f(%0)) = fa(f) (Ap(20)) and fe(f'(20)) = fa(f') (Ao(20))-
So, given (1), fa(f)(Ap(20)) # Fa(f') (Fp(x0)) and thus fo(f) # Fa(f).
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e b#b* and c¢ BT :
then, given (1), /4e(F (20))/ # [ie(f'(20))/; but, by (), /ie(F (0))/ =
() (in(0)) and Jize(f (20))] = ita(F) ((0))- S0, ira(F) (o)) #
ko (f) (Fp(z0)) and thus Aq(f) # Ao (f').
If ¢, ¢’ € Dy, and ¢ # ¢, then ig(c) = # ?
fn. 6.

= kse( '), as pointed out in

If F,F' e D, and F # F', where a = s(bc) and a* = (a*(sb*)), then F(wq)(zo) #
F'(wo)(xo), for some wg e Dy and xg € Dy; thus:

[w: F(w)(zo)](wo) # [w: F(w)(zo)](wo), and so:

[ F(w)(20)]# [0 F'(w)(z0)]
By induction, we thus have:

() i F(w)(@0)]) ##([i: F(w)(z0)))
Now, by (i), #([r: F(w)(20)]) = #(F)(i(z0)) and &([v: F'(w)(wo)]) =
/ﬁEF'%(n(wo)) So, given (I!), &(F)(k(zo)) # £(F")(k(xp)) and thus #(F) #
A(F").

If C, C'" € D,and C # C', where a = s(sb), then C(wgy) # C'(wy),
for some wq € Ds. Hence i(C(wq)) # £(C'(wg)), by induction, and so:
¢ ={(w,( C(w))) | we D} # {(w,i(C'(w)))|w € Ds} = ¢’. But then, by
the injectivity of < (fn. 6): &(C)="¢c # ¢/ = k(C").

A.3.2 T'-Lemma

To be shown: I'y = “rge(fq)”. The proof proceeds by induction on a € FT:¥1i
“c”: Given any X € D, such that [I',](X) =1 (where a € FT), we need
to find some x € Dy such that X = k().

~Ifae{t e st} x=X.

—Ifa = (be), where b = b*, and [T, ](F) = 1, then for any x € Dy, [[']J(F(z)) =
1, and thus by induction, F(x) = k.(y), for some y = . (F(z)), given that
% is injective. So we put:

f = (i (F(z))) | @ € Dy)
and observe:

balF) = (2 ke (2)))] @ € Dy} —

{(z, k(A2 (F(2)))| e Dy} = {(z,F(x))| xe Dy} = F.

—1Ifa = (bc), where b # b* but c€ BT, and [, ](F) = 1, then [T'.]J(F(X)) =
1, for any X such that [I';](X) = 1; hence by induction, F'(X) € rge(f.)
whenever X € rge(kp). We now put:

£ = {05 (X), i (F(X)) | X erge(in)}.
Clearly, f € D,: any z € D, is of the form #;'(X), where X = fp() €

Vi) ough the presentation separates the directions, the induction is understood as treat-
ing them simultaneously, so that at each step the inductive hypothesis has access to
the full biconditional.

A-7



rge(fp); and ;1(F(X))) € D.. It remains to be shown that #,(f) = F, i.e.,
that for any X € Dyx:
() ka(f)(X) = F(X),
Two cases must be distinguished, according to whether X € rge(4y). If so,
X = kp(x), for some xe Dy, and we may conclude:

o(f)(X) = o(f) (Fp()) = (f(2)) = (f (55 (X)) =

el (P(X))) = F(X),
thus establishing the first case of (!). But if X ¢ rge(kyp), then by induc-
tion, [[](X) = 0, and so,* by the definitions of I', and &, F(X) =
0 = fu(F)(X).

—If a=(bc),b#b*,c¢ BT, and [[,](F) = 1, then by induction, for any
X erge(fky), there is a Y e rge(k.) such that F(X)=/Y /. We now put:

Fi= {051 (X), ) | F(X) (hely)) = 1)
Clearly, f € D,: any x € Dy is of the form &;'(X), where X = fp(z) €
rge(fyp); and given that F € Dy, y € D, if F(X)(f:(y)) =1.* Hence, for any
X erge(hp) and Y € Des:

(1) (X)(Y) = 1

iff Y = Hc(f(ligl(X))) by the definition of .
iff  ANY) = f(RH(X)) by the injectivity of i
iff F(X)(FLC(RZI( Y))=1 by the definition of f
iff F(X)(Y)=1 by the injectivity of .

On the other hand, if F ¢ rge(kp), then [T'p](X) =0, by induction. Hence,
as in the case before, the definitions of T', and k, guarantee that F(X) =
001 = ha(f)(X).

—If a = (se) and [I']J(R) = 1, then for any w € Ds there is a unique
u € D, such that R(w)(w) =1. So we put:

c:={(w,u) € Dgx De |R(u)(w) = 1}€ Dge,
and we have, for any ug € D, and wge Dy :

a(€)(uo)(wo) =1

iff e (uo)(wp)=1 by the definition of fq
iff c(wp) = ug cf. fn. 6
iff R(up)(wp) = 1. by the definition of ¢

Hence R = 4(c), as required.

—If a = (s(bc)),and [T,](H) = 1, then [I'sy.J(H(X)) = 1, for any X
such that [I',](X) = 1. Hence by induction, H(X) € rge(ks.) whenever
X erge(ky). We now put:

= [ {(y (X), il (HL(X))(w)) | X € rge(in)}] (€ D.]
and it remains to be shown that:

(M) R(F)(X) = H(X),
for any X € Dy+. Now, two cases need to be distinguished:

*Here the architectural remarks in fn. viii come to bear.
*The argument capitalizes on the simplification addressed in fn. 5.
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Case 1: for some x € Dy, X = p(x); we then observe:

fia(F)(X)
= a(F)(Kb(m)) X = Kb(m)
= sc(['w : F('w)(w)])) by the definition of £,
= fse([w g (H(X))(w)]) F(w)(z) = 2(H(X))(w)
= "gﬂsc(/"i;cl (H(X))) by n-conversion™
= H(X) e

Case 2: X ¢ rge(fp), fa(F)(X) = O+, by the definition of k4, and
H(X) =0+, by the definition of ', and the inductive hypothesis.

— If a = (s(sb)), where b € FT, and [T',](R) = 1, then by induction,
for any w € Ds, there is a uniqe X € D(g)+ such that R(X)(w) = 1;
moreover, X o, € rge(fg). We now put:

C't= [0y [ i) (X, ) (w3)]]

Clearly, C € D,, and we need to show that, £,(C) = R. And in fact, for any
Y € D(y)+ and wg € Ds we have:
fa(C)(Y)(wo) =1

iff [ﬁ] : Rsb(C(w)](Y)(wo) =1 by the definition of £,
iff (@ Ag(C(w)](up) = Y of. fn 6
iff ks (C(wp)) =Y by B-conversion*!
iff Rp([W1 1 [wWa - /'i(_slb)*(le)(wg)]](wo)) =Y by the definition of C
iff fisb([’lﬁz : I'is_bl(XwO)(wg)]) =Y by [-conversion
iff /%Sb(/%;bl(X wy)) =Y by n-conversion
iff Xw, =Y fosp 0 higp = tdy
iff  R(Y)(wo)=1. by the definition of X 4,

“2”: We need to show that, for any & € Dy, [I's](ka(z)) = 1. As in the
forward direction, the base cases a € {t, e, st} are trivial.

—1If a = (bc), where b =b", and f € D,, we must show that [['y](%q(f)) =
1, which, by the definition of T',, means that for any « € Dy, [ (k. (f)(x)) =
1. By induction, this in turn means that ,(f)(z)e rge(k.). But then by the
definition of &g : ke (f)(x) = ke(f(x)), and so kq(f)(z)e rge(ke), indeed.

— If a = (be), where b # b* but ¢ € BT, and f € D,, it must be shown
that, for any X € Dy : (1) [De](ka(F)(X)) = 1 if [IHJ(X) = 1; and
that (2) kq(f)(X)) = 0 if [Ip](X) = 0. By induction, (1) means that
ka(F)(X) € rge(fe) if X = kp(x), for some x € Dy; but then, by the defi-
nition of Ry : ke (f (Ap(x)) = he(F(X)) € rge(ke). And (2) holds because by
induction, [I',](X) = 0 implies: X ¢ rge(fyp), and thus by the definition of
Fa  ka(f)(X) = 0q+, indeed.

[13%})

*IThe functions f denoted by our meta-linguistic abstraction operator “@” are extensional
and thus satisfy the equation: [w : f(w)] = f, aka n-conversion.

*iThis is the logical principle, according to which [ :...w...](wo) = ... wo ..., provided
that wo does not get bound in the substitution process.
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—If a = (be),b#b*,c¢ BT, and f € D,, it must be shown that (1) for
any X € rge(ky) @ ho(f)(X) = /Y/, for some Y € rge(k.); and that (2)
ka(F)(X) = 0y whenever X € Dy \ rge(kyp). (2) follows as in the previous
case. In case (1), X = k(X)) again, whence, &4, we have, following the
definition of &g : ke (f)(X) = [fc(f(2))/, which is of the required form.

—If a = (se) and ¢ € D,, we must show that, for any w € D,,, there is
exactly one u,, € D, such that: £q(c)(uw)(w) = 1. If we put: uy = c(w),
the definition of &, yields. Fq(c)(uw)(w) = 1 iff ¢c(w) = w4y, which is
how we just defined wu; and its uniqueness follows because, for any v #
Uy, We get: Rq(c)(v)(w) = 1 iff ¢(w) = v, which is not the case, by
assumption. — If a = (s(bc)) and F € D,, it must be shown that (1) for
any X € rge(fyp) : ho(F)(X) € rge(fisp); and that (2) aa(F)(X) = O(se)-
whenever X € Dy« \ rge(kp). Again, (1) holds because X = kp(x), where
x € Dy, and thus i, (F)(X) = fse([w : F(w)(z)]). And (2) follows as in
previous cases.

—Ifa = (s(sb)) and C € D,, we need to show that, for any w € Dy, there is
a unique X4 € D(g)+ such that 4,(C)(Xw)(w) =1 where Xy, € rge(fsp).
We put: X4 := kg (C(w)) and observe that X, € rge(fg) and that:

fa(C)(Xw)(w) =1
iff [12)’ gy (C(w)](X ) (w) =1 by the definition of #, (and a-conversion)*ii
iff  [w:hg(C(w)](w) = X4 of. fn. 6
iff  Ryp(C(w)) =Xy by B-conversion,
which is how X ,, was defined. And again, its uniqueness follows as a corol-
lary of the above calculation, trading X, for arbitrary Y € D(gy)-.

A.3.3 ®-Lemma

To be shown:

by (F)(X)(Y) = 1iff
there are f € Dy, x € Dy, and y € D, such that:
F = ’Iﬁab(f)vx = ’%b(w)a Y = ’%C(y)7 and f(w) =Y.

If &, .(F)(X)(Y) =1, two cases are to be distinguished. First, if (be)* =
b*c*, then Ty (F) =T3(X) =1 and F(X) = Y, by the interpretation of IL*.
Hence F € rge(fp.) and X € rge(fyp), by the I' -Lemma. So there are f € Dy,
and x € Dy such that F = fp.(f) and X = fp(x), as required. Moreover,
Y = F(X) = fkpe(f)(Ap(z)) = ke(F(x)), by the definition of ke, and thus
the lemma holds for y := f(x). The second case is similar: f and z exist by
the T' -Lemma, and if we put y := f(z) again, the definition of . gives us:
F(X) = fpelF) () = el (2))] = fie(w)] = [ Y], by the third conjunct
of ®p. — and thus: k.(y) = Y, since /- / is (obviously) injective.

¥y other words, the variable bound by the functional abstraction “4” may be renamed,
if this causes no confusion.
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A.3.4 VY-Lemma

To be shown: ¥,(C)(X)(w) =1 iff
there are ¢ € Dy, and x € D, such that:
(A) C =Fg(c), (B) X =Re(x), and (C) c(w) = z.
We proceed by induction on [b|.
— Ifa=t, pe Dg,ve Dy and wy € Dg, then, by the interpretation of
IL* : Wy(p)(v)(wo) =1 just in case (C) p(wp) = v, where (A) kg (p) = p
and (B) k¢(v) = v, due to the characterization k) of & and Fst.

- If a=e Re Dy, u € De and wg € Ds, then, by the interpretation of
IL* : Uy(R)(u)(wo) = 1 just in case D'(R)(wp) = R(w)(wp) = 1, which by
the I'-Lemma, means that, for some ¢ € Dge: R = kse(c) and R(u)(wop) = 1.
In other words: W,(R)(w)(wo) = 1 iff there is a ¢ € Dy such that: (A) R =
fise(€), (B) u = fe(u), and f(se)(c)(he(u))(wo) =1, ie.: (C) c(wo) = u,
by the characterization 1) of fge.
= Ifa=be, G e Digpeyy«, F € Diyeys = Dyeer and wo € Dy, then (s(be))” =
b*(sc)*, and:

(G (F)(wo) =1
Ty (G) = e (F) = 0o(G(X))(F(X))(wo) = 1

whenever Fb(X) =1 interpretation of IL*
iff G erge(Fye)), F erge(fine), and U.(G(X))(F(X))(wo) =1
whenever X € rge(fyp) I-Lemma

iff ~ there are g € Dy,cy and f € Dy, such that: fg4e)(9) = G, fpe(f) = F,
and for any x € Dy, there are z € Dy, and y € D, such that:
kse(2) = G(fp(x)), ke(y) = F(kp(x)), and y = z(wo) induction
iff  there are g € Dy(sc) and f € Dy, such that: fgue)(g) = G, fpe(f) = F,
and for any x € Dy, there is a z € Dg. such that:
Fise(2) = Fis(be) (9) (Rp(®)) and fe(z(wo)) = Foc(f) (Fp(@))  identity
iff  there are g € Dy(sc) and f € Dy, such that: fgue)(g) = G, fpe(f) = F,
and for any x € Dy, there is a z € Dg. such that:
Rse(2) = hse([w : g(w)(x)]) and f(x) = z(wy) i def. figpeys ive
iff  there are g € Dy(y and f € Dy, such that: fg4e)(g) = G, fee(f) = F,
and for any « € Dy there is a z € Dg. such that:

z=[w:g(w)(z)] and f(x) = z(wo) injectivity of Asc
iff  there are g € Dy(yc) and f € Dy, such that: fgue)(g) = G, fpe(f) = F,
and for any x € Dy, : f(x) = g(wo)(x) identity + S-conversion

iff  there are g € D) and f € Dy such that:
(A) /%S(bc)(g) = G, (B) /%bc(f) =F, and (C) f= g('wo) extensionality
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- If a= Sb, G« D(sb)*(st)7 Ce D(sb)* and wo € DS, then:
Y (G)(C)(wo) =1

iff Fs(sb)(G) = Fsb( C)=G(C)(wp) =1 interpretation of IL”
iff ~ there are g € Dy(y) and c € Dy, such that G = i) (g), C = Ffg(c)
and G(C)(wp) =1 I-Lemma
iff  there are g € Dy(y) and c € Dy, such that G = gy (g), C = fsp(c)
and f%s(sb)(g)(fisb)(c))(wo) =1 identity
iff  there are g € Dy(y) and c € Dy, such that G = gy (g), C = Ffg(c)
and [w : kg (g(w))](Fsp(c))(wo) =1 def. Fis(a)
iff ~ there are g € Dy(y) and c € Dy, such that G = gy (g), C = Ffs(c)
and [ : fg(g(w))](wo) = Fp(c) e)
iff ~ there are g € Dy(y) and c € Dy, such that G = gy (g), C = Fs(c)
and kg, (g(wo)) = Rep(c€) B-conversion

iff  there are g € Dyy) and ¢ € Dy, such that:
(A) G =iy (g), (B) C=rkg(c)and (C) g(wo) =c  injectivity of &g

A.4 w-Lemma

To be shown:
(2)  w(a*)<w(a®).
If a=t or a=e, a* =a=a" and thus (Q) holds trivially. — If a = (bc) (where
b#s), then either (A) o™ = (b"c") or else: (B) a™ = (b"(c"t)). In case (A),
b=b" or ¢ € BT, and thus: b=0* or ¢* € BT, by z). So a* = (b*c*) and we
have: w(a®) = maz(w(b*)+1,w(c")) and w(a*) = maz(w(d*)+1,w(c*)). But
then w(a®) <w(a*) because, by induction: w(c*) <w(c*) and w(b*) <w(b™)
and so w(b*) +1 <w(b*) + 1. In Case (B), a* = (b*(c*t)), again by z), and
so we have:

w(a™)
= maz(w(b") +1,maz(w(c") +1,w(t)))
= maz(w(®)+1,mar(w(c’)+1,0))
= mazx(w((d) +1,w(c")+1);
and similarly:

w(a®) =maz(w(d*) +1,w(c*) +1).
But then, again, w(a*) < w(a™) because, by induction: w(b*) < w(b*) and
w(c*)<w(c)and sow(d*)+1<w(d™)+1 and w(c*)+1<w(c")+1. —Ifa=
(st) or a = (se), a* = a=a* and thus thus () holds trivially. — If a = s(bc)
(where b # s), then:

w(a™)
= w(b*(sc)*)
= maz(w(d)+1Lw((sc)*))
< maz(w(b™) + 1,w((sc)?)) by induction
= mazx(w(d) +1,maz(w((c)*) +1,w(st))) def. w((sc)*))

maz(w(b*) +1,w((c)?) +1)
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Moreover:
w(a™)
w((be)* (st))
maz(w((bc)*) + 1, max(w(s) +1),w(t)))
maz(w((bc)*) +1,1)
w((be)™) +1
It thus remains to be shown that (+) maz(w(b*)+1,w((c)")+1) <w((bc)™)+
1, i.e., that maz(w(b*),w(c")) <w((bc)*). There are two cases:

- If (be)* = (b*c'), then w((bc)*) = maz(w(b*) + 1,w(c)), and so we
have both: w(b*) <w(b*) +1 <maz(w(b™) +1,w(c")) =w((be)*) and:
w(c) <maz(w(b®) + 1L,w(c")) =w((bc)*), from which (+) follows.

- If (be)™ = (b7 (c™t)), then w((be)™) = max(w(b®) + 1,w(c") + 1), and
again we have both: w(b") < w(b*) +1 < mazx(w(d) + L,w(c") +1) =
w(c™) and: w(c") < w(c") +1 < maz(w(d*) + Lw(c) +1) = w(ch),
which again implies (+). —

Finally, if a = s(sb), then:
w(a®)

- W) (1)

maz(w(sb)* +1,w(st))

maz(w(sb)* +1,1)

w(sb)* +1

w(sb)+ +1 by induction

maz(w(sb)t +1,1)

maz(w(sb) +1,w(st))

- w((sh)(st)

= w((s(sh))")

= w(a)

... which completes the proof of (£2).

VAN

A.5 °-Lemma

To be shown: (sa) is embeddable into (sa)°, for any a € FT.
We first define a family of closed terms ¢, € IL7 (where a € FT)

(sa)(sa®)
and then show that each &, is injective, which implies embeddability, given
observation s). The following recursion defines the e-terms:
(a) If a =t and hence (sa)° = st, g4 := (Ap™. p) [= Kst];

(b) if a = e and hence (sa)® = e(st),
ea = (AS* (At (M. (f(2) = 2)))) [= Fsel;

(c) if a = (sb) and hence (sa)® = (sb)°(st), two cases must be distinguished:
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(c1) if b=t, then: (sb)° = (st) and:
cai= (AC*ED. O™, (M. (C(i) =p))));
(co) if b#t, then: (sb)° = (b°(st)) and:
gai= (ACD. (A" (M- (e1(C(0)) =1)));

(d) if a = (bc), where b # s, and hence (sa)® = (be)°(st) = (b°¢°)(st), four
cases must be distinguished:

(d1) if b=t = ¢, then: (sb)° = (sc)° = st, (s(bc))° = (tt)(st), and:
ga = (AL (AR (N (f(2) = ))));
(d2) if b=t # ¢, then: (sb)° = st, (sc)° = c°(st), (s(bc))® = (tc°)(st),
and: ea = (AL (ARY. (Ni. (Vpt)(VD*)
[(f (@) (p(2)) = D(i)) < (D) (h(p(i))()];
(ds) if b # t = ¢, then: (sb)° = b°(st), (sc)® = st, (s(bc))® = (b°t)(st),
and: €a= AP (AQY™t. (M.
(YO [P()(C(i) < (32" )[ep(C)(2) (i) A Q(2)]])))
(dy) ifb#t# ¢, then (sb)° = b°(st), (sc)® = c°(st), (s(bc))® = (b°¢°)(st),
and: gq = (AL (ARY". (N (VC) (VD*¢)
[(f()(C(i)) = D(i)) < (32"")[e(C) () (D) Ace(D) (h(2))()]])))

Now, if a e FT\{t}, (sa)° = (a®(st)), and so &, is a ternary relation between
objects of type a (# t), their (not necessarily unique) Russellian counterparts,
and possible worlds. It can be shown that (C') which counterparts a Fregean
intension has for a given world, only depends on its value for that world;
that (D) two Fregean intensions share a Russellian counterpart in a given
world only if their values for that world coincide; and that (E) at any world,
every Fregean intension has at least one such é-counterpart. In other words,
the following facts hold for any Fregean type a # t:

(C) For any X1, X9 € Dg,, and w € Dg:
if X1(w)=Xo(w), then:
{2z € Doo| €a(X1)(2)(w) =1} = {2 € Doo| £a(X2)(2)(w) =1}.

(D) For any X1, X9 € Dg,, and w € Dg:
if Xq1(w)# Xo(w), then
{z€Dgo| €a(X1)(2)(w) =1} n{z € Dyo| £a(X2)(2)(w) =1} = @.

(E) If X € Dy, and w € Dy, there is a z € Dyo such that £,(X)(z)(w) = 1.

(D) and (F) together imply that &, is injective. For if X1, X9 € Dy, and
X1 # Xo, then X (wp) # X2(wp), for some wyg € Ds. Hence, putting
A:={z€Dgo| éa(X1)(2)(wo) =1} and B:={z € Dyo| £4(X2)(2)(wop) =1},
we have: An B =@, by (D). But then by (E), A #+ @, which means that
A # B and hence there must be some z( € Dgo such that £,(X1)(wg)(z0) #
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£a(X2)(wp)(20), and thus £,(X 1) # £4(X2). So for each a e FT \ {t}, (D)
and (E) give rise to (Inj) — a fact that will come in handy in the proofs
below:

(Inj) For any X, Y € Dsa, if Ea(X) = éa(Y), then X = Y.

Since &y is trivially injective, (D), and (E) suffice to establish embeddability
of any (sa) € FT into (sa)® € RT. (C), (D), and (F) can be proved by
simultaneous recursion, dropping case (a):

ad(C): Given X1, X9 € Dy, and w € Dg such that Xq(w) = Xo(w), we
show that: for any z € Dgo, £4(X1)(2)(w) =1 iff £,(X2)(2)(w) = 1:
(b) If f1(w) = fy(w), then by the definition of &:
e(f1)(2)(w) = 1iff 2 = f1(w) iff 2 = fo(w) iff £c(f2)(w) = 1.

(c1) The same argument applies in this case.

(c2) If C1(w) = C2(w), we observe:
£w(C1)(2)(w) = 1 iff

z = &?b(Cl(w)) iff def. &g
z =&,(C2(w)) iff assumption
Eb(C2)(2)(w) = 1. def. ¢q,

(d1) The same reasoning as in cases (b) and (c1) applies.

(d2) Suppose fi(w) = fo(w). Then for any z € Dy we have, by the

definition of &¢:
Eee(f1)(2)(w) = Liff
for all p € Dgt and D € Dg. the following holds:

f1(w)(p(w)) = D(w) iff £.(D)(z(p(w)))(w) =1,
which means that, for all p € Dy and D € Dg,:

fa2(w)(p(w)) = D(w) iff £.(D)(z(p(w)))(w) =1,
given that f,(w) = fo(w). But then, by the definition of &i.:

Eie(f2)(2)(w) = 1.

(d3) Suppose Pi(w) = Po(w). Then for any z € Dyoy we have:
ep(P1)(2)(w) =1 iff
for all C € Dg, the following holds:
Pi(w)(C(w)) =1 iff for some x € Dyo,&p(C)(x)(w) = z(x) = 1.
Hence: &p(P1)(z)(w) =1 iff
for all C € Dy, the following holds:
Py(w)(C(w)) =1 iff for some x € Dyo,ép(C)(x)(w) = z(x) =1,
which means that &, (P1)(z)(w) =1 iff & (P2)(2)(w) = 1.
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(da)

Suppose that f,(w) = fo(w). Then for any z € Dyoo:

Ebc(f1)(2)(w) =1 iff
for all C € Dy, and D € Dy, the following holds:

f1(w)(C(w)) =1 iff for some x € Dyo,(C)(x)(w)

=éc(D)(z(z))(w) = 1.
Hence: €p.(f1)(2)(w) =1 iff
for all C' € Dg, and D € Dy, the following holds:
fo(w)(C(w)) =1 iff for some & € Do, &(C)(x)(w)

= (D) (z(x))(w) = 1,
which means that €,.(f1)(2)(w) =1 iff €5.(f5)(2)(w) = 1.

ad(D): Given some z € Dgo such that:
(+)  éa(X1)(2)(w) = €a(X2)(2)(w) = 1,

(0)
(c1)
(c2)

(d1)
(d2)

we show that X ;(w) = Xo(w):
By the definition of &, (+) implies that z = X1(w) =X o(w).
The same argument applies as in the previous case.

By the definition of £y, (+) implies that z = €,(X1(w)) = (X2 (w)).
But then X (w) = X2(w), because b satisfies (Inj), by induction.

The argument from case (b) applies again.

By the definition of £, (+) implies that for any p € Dg; and D € Dg.:
X1(w)(p(w)) = D(w) iff é.(D)(2(p(w))(w) =1 and:

X (w)(p(w)) = D(w) iff éo(D)(2(p(w)) (w) = 1.

So, for any such p and D we have:

X1 (w)(p(w)) = D(w) iff Xo(w)(p(w)) = D(w).

In particular, for any n € Dt and y € D,, we may consider the constant
functions p,, := {(w’,n)|w’ € Ds} € Dg and D, := {(w’, y)|w' € Ds} €
Dy, to conclude:

X1 (w)(p,(w)) = Dy(w) iff Xa(w)(p,(w)) = Dy(w), i
Xi(w)(n) =y iff Xo(w)(n) =y, for any n € Dy and y € D, which
means that X1(w) = X2(w), by extensionality.

By the definition of &y, (+) implies that for any C € Dg:
X (w)(C(w)) =1 iff

there is an &1 € Dyo such that: £,(C)(z1)(w) = z(x1) = 1 and:
Xa(w)(C(w)) =1 iff

there is an @9 € Dpo such that: &,(C)(z2)(w) = z(x) = 1.

So, for any such D we have:
X1 (w)(C(w)) = 1iff Xs(w)(C(w)) = 1.
As in the previous case, we may now consider the constant functions
D, (where y € Dy) to conclude:
X1(w)(Cy(w)) =1iff Xo(w)(Cy(w)) =1, ie.
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Xi(w)(y) =1iff Xo(w)(y) =1, for any y € Dy, and thus:
Xi(w) = X2(w), by extensionality.

By the definition of &, (+) implies that for any C € Dy, and D € Dq,:
X1 (w)(C(w)) = D(w) iff

for some @1 € Dyo: £,(C)(x1)(w) =£.(D)(2(x1))(w) =1 and:
X, (w)(C(w)) = D(w) iff

for some @y € Dyo: £3(C)(x2)(w) =E.(D)(z(x2))(w) = 1.

So we have, for any such C' and D:
X1(w)(C(w)) = D(w) iff Xo(w)(C(w)) = D(w).
As before, we now invoke constant functions C'z and D, (where x € D,
and y € D.) to conclude:
X1(w)(Ca(w)) = Dy(w) il X(w)(Ca(w)) = Dy(w), ic.:
Xi(w)(z)=y iff Xo(w)(x) =1y, for any x € D, and y € Dy,
which means that X;(w) = Xo(w), by extensionality.

ad(E):

(b)

(c1)
(c2)

(d1)

(d2)

Given f € Dg and w € Dg, we put z = f(w) and observe that:
fe(f)(z)(w) =1iff z = f(w), which is true by definition.

Analogously, wet put z := C'(w), for any C € Dy(g) and w € Ds.

In a similar vein, given C € Dyy) and w € Dg, 2z = &,( C(w)) fits the
bill (and uniquely so).

As in cases (b) and (c1), we put: z := f(w), whenever f € Dy and
w € Dyg.

Given f € Dy and w € Ds, we first apply the inductive hypothesis
to ¢ to observe that, for any D € Dg:

Yp:={yeDel|éc(D)(y)(w) =1} + 2.

So we can select a fixed object yp € Deo from each Y p and put:
z:={(p(w),yp)| p € Ds;, D € Dy, and f(w)(p(w)) = D(w)}*™
We first need to show that z € Di.. So suppose n € Dy. Then, putting
p[n] = {(w,n)| w e Ds} € Dy, and
D[n]:={(w', f(w")(n))| w" € Ds} € Dy,
we observe that D[n](w) = f(w)(n) = f(w)(p[n](w)), and thus:

(n,Ypn)) € 2. So dom(z) = Dy. As to uniqueness, suppose that
(n,y),(n,y") € z. Then, for some p,p’ € Dy, and D, D’ € Dy

*VTo be sure, this is short for:
{z| there are n € Dy, y € Dco,p € Dgt and D € Ds. such that:

z=(n,y),n=p(w),y=yp, and f(w)(n) = D(w)}.
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(i) p(w) =p'(w) =n; and
(it) D(w) = f(w)(n) = D'(w);
(iii) y=yp and y' = yp.

By induction, (D) applies to ¢ and so, (iz) implies: Y p = Y ps, which
means that yp = ypr, and so: y=yp =yp =y', by (iii).

Now we know that z € Dy, we can apply €. to conclude:
ete(f)(2)(w) =1 iff for all p € Dy and D € Dyg.:

() F(w)(p(w)) = D(w) iff 2.(D)(z(p(w)))(w) = 1.

And, indeed, given any p € Dy and D € Dg., we can show that they
satisfy both directions of (!):

‘% Suppose f(w)(p(w)) = D(w). Hence z(p(w)) = yp, by
the definition of z. But yp € Y p, and so: £.(D)(z(p(w)))(w) =
£(D)(yp)(w) = 1.

‘<”. Suppose that é.(D)(z(p(w)))(w) = 1. Then z(p(w)) € Y p.
Now, by the definition of z, z(p(w)) = yp € Y pr, for some D’ € Dy,
(#) f(w)(p(w)) = D'(w). But then z(p(w)) € Ypn Yp # @,
which means that D(w) = D'(w), by (D), inductively applied to c.
So by (#), we conclude that f(w)(p(w)) = D(w)

Given P € Dy and w € Ds, we put

z = “{xeDyo| for some DeDgy: P(w)(D(w)) =£p(D)(x)(w) =1}".
We then have: &, (P)(2z)(w) =1 iff for all C € D

(M P(w)(C(w)) =1 iff for some « € Dyo: &(C)(z)(w) = z(x) = 1.
And, indeed, given any C € Dy, we can show that it satisfies both
directions of (!):

“=" Suppose P(w)(C(w)) = 1. By induction, there is an x € Dpo
such that £,(C)(x)(w) = 1 and thus z trivially satisfies: z(z) = 1,
due to the definition of z.

“«<" Suppose & € Dy and &,(C)(z)(w) = z(x) = 1. Then, by
the definition of z: &,(D)(x)(w) = 1, for some D € Dg, such that
P(w)(D(w)) = 1. Now, by induction, (D) applies to b, and so
C(w) = D(w), given that &(C)(z)(w) = &(D)(x)(w) = 1. But
then we also have: P(w)(C(w)) =1, given that P(w)(D(w)) = 1.

Given f € Dy and w € D, we first apply the inductive hypothesis
to b and ¢ to observe that, for any C € Dy, and D € Dgyy:

X o :={x €Dyl &(C)(z)(w) =1} + @ and:
Yp = {y € Dol 2(D)(y)(w) = 1} £ 2.

So we can select a fixed object yp € Deo from each Y p and put:
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z:={(x,y) € Dyo x Dco| there are Ce Dy, and D € Dy, such that:
zeXe, f(w)(C(w))=D(w),and y =yp}
U {(z,y0)| © € Dy N\ Ucep,, X ¢},
where yq € Do is some fixed object. We first need to show that z ¢
Dpoco. So suppose & € Dpo. Then either (Case 1) x ¢ X ¢, for any
C ¢ Dy, and thus (z,yy) € z. Or else (Case 2) ¢ € X ¢, where
C ¢ Dg,; then, putting D = {(w', f(w")(C(w")))| w’ € Ds} € Dy,
we observe that f(w)(C(w)) = D(w) and thus (xz,yp) € z. So
dom(z) = Dpo. As to uniqueness, suppose that (z,y),(z,y’) € z.
Then if Case 1 holds, y = yy = y’. And if (Case 2) holds, there are
C,C' ¢ Dy and D, D’ € Dy, such that:

(1) xe X¢ and © € X r; and
(i) f(w)(C(w)) = D(w) and f(w)(C'(w)) = D'(w);
(iii) y =yp and y' = ypr.

By induction, (D) applies to b and so, (i) implies: C(w) = C'(w).
But then, by (i4): D(w) = D'(w). So, applying (D) to ¢, we find:
Y p = Y pr, which means that yp =yp/, and so: y=yp=yp =9/,
by (iii).
Now we know that z € Dyoqo, we can apply €. and conclude:
Epe(f)(2)(w) =1 iff for all C € Dy, and D € Dg,:
(M f(w)(C(w)) = D(w) iff for some & € Dyo:

&(C)(z)(w) =£c(D)(2(x))(w) = 1.
And, indeed, given any C € Dy, and D € Dy, we can show that they
satisfy both directions of (!!):
“=". Suppose f(w)(C(w)) = D(w). By induction there is some
x € Dy such that &,(C)(z)(w) = 1, i.e: = € X, and thus, by
the definition of z: z(x) = yp € Y p, whence £.(D)(z(z))(w) =
é(D)(yp)(w) = 1.
‘=" Suppose that é,(C)(x)(w) = €.(D)(z(z))(w) = 1. Then z ¢
X ¢ and thus, for some D’ € Dg., we have: f(w)(C(w)) = D'(w)
and z(x) = yp. But then z(xz) € Yp n Y p and, inductively ap-
plying (D) to ¢, we may conclude that D(w) = D'(w) and thus that
F(w)(C(w)) = D(w).

A.6 Translation Theorem

To be shown: [a]f 9" = ke ([(N. a)]F9), for any a € IL} (where a € FT).
The proof proceeds by induction on a where, without loss of generality, we
will rely on the paraphrases given in observation o) above:
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- If a=c(i), where ¢ € Congg, then:

Ha]] g
= [[é]]F*’g* definition of &
= F*(é) interpretation of IL*
= /’%sa(F(C)) definition of F™*

= ([ F(c)(w)])

n-conversion

= Ksa ( [[()\i.a)ﬂ F’g) interpretation of IL*

- If a=x¢Var,, we first show that:
(1) [ACED" [0 W (CY@)DIT " = [hsa([(Ni. a)]79)/.
Indeed, for any C' € D(y,)+, we have:

[(ACE". [8 ¥ (O) (@)D (C) =1

iff  for all we Dg, [V, ](C)(g*(Z))(w) =1 interpretation of IL*

iff  for all w € Dy there is a ce Dg, such that:
C= /%sa(c) and g*(‘%) = /%a(c(w))

iff for all w € Dy there is a ce Dy, such that:
C= /‘fsa(c) and "fa(g(x)) = ’%a(c(w))

iff  for all w e Dg there is a ce Dy, such that:

H;al(C) =c and g(x) = c(w) injectivity of As, and fq

iff  for all w e Dy: g(z) = il (C)(w)

iff ~ for all we Dg: [w:g(x)](w) =il (C)(w)
it [0 g(x)] =iz (C)

it Fse([w: g(2)]) = C

[B-conversion

extensionality

iff Fsa ([ (N x)]]F’g) =C IL*-interpretation

Given (!), we thus have:

[@]""9" = Msay (Visa([(Xi. a)]79)/).

But then (sa)” is of the form (a(st)), by i), and so q) applies and we may

conclude that:
[ = fsa([(Ni. @)]59).

- If o =(B8=r), where 8,veIL;, it needs to be shown that:
[(B =19 = [(X.(B =)™,

since kgt = tdgt. And indeed, for any w € Dy we have:
[(B=N]"9 (w)=1

iff therg is a Z € Dy« such that:
W] (8197 (Z)(w) = 1 and [,]([7]" 9 )(Z)(w) = 1

iff there is a Z € Dy« such that:

(@] (Fost ([(Ni. B)]79)(Z) (w) = [W3] (R ([(Ne. N]T)(Z)(w) =1 ind'm

iff there are ¢, d € Dg, such that:
’fsb([[()‘l B)]]F’g) = ’%sb(c)aksb([[()‘i' V)HF’g) = /%sb(d)a
and ip(c(w)) = fp(d(w))

iff there are ¢, d € Dy, such that:

[[()\i. ,B)]]F’g =c, [[(/\Z ’y)]]F’g =d and c(w) = d(w) injectivity of fp and Fep
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iff
iff
iff
iff

[(Ai. )79 (w) = [(M. 1] (w) identity

[[IBHF’Q[Z/“’] = ‘[[,Y]]F,g[l/w] IL*-interpretation
[[(,B = "y)]]F’g[l/w] =1 IL”-interpretation
[(Ni. (B = ’}/))]]F’g(’w) =1 IL*-interpretation

—If a = B(v), where B € IL;,, v € IL; and b € FT, then @ is of the form
Msa)* (9), where § € I L7 We first show that:

(1)

(sa)*t”

[817°9" = [Rsa([(Ni. B()I™9)/.

Indeed, for any C' € D(4,)+, we have:

iff

iff

iff

iff

iff

iff

iff
iff
iff
iff
iff
iff

[6]79°(C) =1
for all F € D g+, X € Dy and w € D such that
[ [ ([B]F ) (F) (w) = [@,]([F]7" ") (X ) (w) = 1,
there is a Y € D,+ such that:
[[\I/a]](C)( Y)(w) = [[q)ba]](F)(X)( Y) =1 1L -interpretation
for all F € Dyqy+, X € Dy and w € D such that
[Wa] (Fosoay ([N B)TF9)) (F) (w) = [6] (A ([N 1)]F9))(X ) (w) = 1,
there is a Y € D,+ such that:
[P ](CYY)(w) = [Pp](F)(X)(Y) =1 induction
for all F' € Dpqy+, X € Dy, w € Ds, h € Dypq) and ¢ € Dy,
such that ’%S(ba)([[()‘Z /8)]]F7g) = ’%s(ba)(h)aF = Rba(h(w))a
fesp ([(Ni. Y)]F9) = kg(c), and X = fye(w)),
there are Y € Dy+,d € Dg,, g € Dy, and z € Dy, such that:
C=(d),Y =F(4(d(w)), F =Fp(g), X =Fp(2),and Y = £4(g(2))
U-/P-Lemmas
for all F € Dyqy+, X € Dy, w € Dg, h € Dyq) and ¢ € Dy, such that:
[(Ai. B)]79 = h, F = fepa(R(w)), [(N. 7)]™ = ¢, and X = fip(c(w))
there are Y € Dy+, d € Dyy, g € Dy, and z € Dy, such that:
C = s(d), Y =ka(d(w)), F = fipa(9),
X = /'@b(z), and Y = /%a(g(z)) Ksb injective
for all w € Dy there are d € Dy, g € Dy, and z € Dy, such that:
C - sa(d)a'fﬁba([[()‘i' B)]]F’g(w)) = '[iba(g)a
([N NP (w)) = f(2), and fg(d(w)) = fa(g(2))  identity
for all w € Dg there are d € Dgq, g € Dy, and z € Dy, such that:
fia (C) = d,[(Mi. B)]"9(w) = g,
[(Ai. Y]F9(w) = z, and d(w) = g(z) Rsas foba, Rib, Foa Njective
for all w € Dy: il (C)(w) = [(Ni. ﬁ_)]]F’g(w)([[_()\i. N9 (w)) identity

for all w € Dq: H;al(C)(’w) = [[BHF’g[Z/w]([[’y]]F’g[l/w]) I L*-interpretation
for all w € Dq: H;;(C)(’w) = [[B(V)]]F’g[l/”] IL*-interpretation
for all w € Dq: fis_al(C)(’w) = [(Ai. ﬁ(v))ﬂF’g(w) IL*-interpretation
/‘i;al(C) = [(\i. ﬁ(’y))]]F’g extensionality
C = fsa([(Ni- B(Y]™9) def. iz}

Given (!!), we thus have:

[@)""9" = Mgsay- (Visa([(Xi. a)]79))),
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from which we may — as above — conclude that:

[@"9" = Fsa([(Xi. @)]79).

—If a = (A\z. 8), where x € Vary, BeIL;, and a = (bc) € FT, then @ is again

of the form [M(sq)+(0), where J € ILE’SQ),%. As before, we first show that:

(M) 617 = Jrsa ([N (M. 8))]79)/.
Indeed, for any G € D(y,)+, we have:
179" (@) = 1
iff  for all X € Dy such that [I',](X) =1 and all w e Dy
there are F' € D, and Y € D+ such that:
[0 ](G)(F)(w) = [wJ([BI 9" F/x)) (¥ ) (w) -
[P J(F)(X)(Y)=1 IL*-interpretation
iff  for all X erge(kyp) and all w € Dy
there are F' € D+ and Y € D.« such that,
for some g € Dy, f € D, ¢ € Dy, and x € Dy:
G = ’%sa(g% F = Ra(g(w))a
[BIF9 /x] = ko (€), Y = ke(e(w)),
F = I'ia(f), X = I%;b(:li), and Y = Iic(f(:li)) V- and ®-Lemmas
iff  for all X erge(kyp) and all w € Dy
there are F € D,+ and Y € D.+ such that:
for some g € Dy, f € Dy, ¢ € Dy, and xe Dy:
G = Rsa(g)rF = Ha(f),g(W) =f,
[B]F" 9"V /x) = i), Y = ise(y), e(w) = y,
X =krp(z), and f(x) =y injectivity of k. and &,
iff for all € Dy, and all w € Dg
there are g € Dgq, f € D, and ¢ € Dy, such that:
G = fisa(9), g(w) = £,[B]" ¥ @] = i (), and f(z) = e(w)
identity
iff for all € Dy and all w € Dg
there are g € Dg,, f € D, and ¢ € Dg, such that:
G = fsa(9), 9(w) = £, [[BHF*’QW‘”]* = fse(c), and f(x) = c(w) n)
iff for all & € Dy and all w € Dy
there are g € Dy, f € D, and ¢ € Dg, such that:
G = fisa(9), g(w) = f,isc([(Ni- B))F9/2]) = iie(e), and f(=) = c(w)
induction
iff for all € Dy, and all w € Dg
there are g € Dy, f € D, and ¢ € Dg, such that:
G = Fisa(9), g(w) = f,[(Ni. B)]79L /=) = ¢, and f(z) = c(w)
injectivity of fsc

iff for all € Dy, and all w € Dy there is a g € Dy, such that G = ksq(g)

and g(w)(x) = [(Mi. B)]79=](w) identity
iff for all € Dy and all w € Dg there is a g € Dy, such that G = fis.(g)
and g(w)(z) = [[BHF’g[I/w][Z/w] I L*-interpretation
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iff for all € Dy, and all w € Dy there is a g € Dy, such that G = fsq(g)

and g(w)(z) = [8]Fol/wIl/e] since i %z, g[*/o][ /] = g'/w][*/=]
iff for all z € Dy, and all w € Dy there is a g € Dy, such that G = rg,(g)

and g(w)(z) = [(Az. ﬁ)}]F’g[l/“’](w) IL*-interpretation
iff for all & € Dy, and all w € Dy there is a g € Dy, such that i3 (G) = g

and g(w)(x) = [(Mz. B)]79»](x) injectivity of fisa
iff for all z € Dy, and all w € Dy:

52 () (w)(x) = [\ B)]FC ) (w) (z) dentity
iff for all € Dy, and all w € Dg:

HS_GI(G)(’U))(:B) = [(Ai. (Az. B))]]F’g(w)(a:) IL*-interpretation
iff /{S_al(G) =[(Ai. (Az. ﬁ))ﬂF’g extensionality
iff G = iksa([(Ni. (Mz. B))]F9) def. Fisq

... which establishes (). As before, we may now apply s) and conclude
that:

[a)"9" = Msa(/hsa([(Xi. @)]79)]) = fisa([(Ai. @)]79).

— If a = B(i), where B € IL{,, @ is again of the form [)«(5), where

0€ ILZSG)*t; and again we can show that:
() [ = fhwa [N BT,
For we have, for any G € D(yq):

[6]7 9 (G) =1
iff ~ for all we Dy there are H € D(y,)~ and X € Dg+ such that:

W J([B]F ) (H) (w) = [V ](H)(X)(w) = [¥,](G)(X)(w) =1

IL”-interpretation

iff  for all w e Ds there are H € D(yq)«, X € Dy,

be Dg(sa), 9, h € Dyq such that:

[[BHF*’g* = ’%s(sa)(b)v H = Rsa(b(w))v

H = ksa(h)a X = /%a(h'(w))v

G = /:isa(g), and X = /%a(g('w)) V-Lemma
iff  for all w e Dy there are be Dy, g, h € Dy, such that:

[[BHF*’Q* = ’%s(sa)(b)a /‘.fsa(b(w)) = /‘.fsa(h)v"%a(h(w)) = Ra(g(’lU)),

and G = Rsa(g) identity
iff  there is a g € Dy, such that G = g, (g) and

for all w € Ds there are b € Dy(y,) and h € Dy, such that:

[B1F9" = fig(sa)(b), b(w) = h, and h(w) = g(w) injectivity of fsa, fia
iff  there is a g € Dy, such that G = fg,(g) and

for all w € Ds there is a b € Dy, such that:

(B9 = figgan) (b) and b(w)(w) = g(w) identity
iff  there is a g € Dy, such that G = g, (g) and

for all w € Dy there is a b € Dyy,) such that:

biagea) (LN B)179) = fgaay (b) and b(w) (w) = g (w) indction
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iff

iff

iff

iff

iff

iff

iff

iff

iff

there is a g € Dy, such that G = kse(g) and
for all w € Ds there is a b € Dyy,) such that:
[(Xi. 8)]7 = b and b(w)(w) = g(w)
there is a g € Dy, such that G = £s.(9g)
and for all w € Dg: [(\i. 8)]79(w)(w) = g(w)
there is a g € Dy, such that G = £g.(9g)
and for all w e Dg: [B]79 %] (w) = g(w)
there is a g € Dy, such that G = fg.(9g)
and for all w e Dy: [B]590/w)(g[*[4,](4)) = g(w)
there is a g € Dy, such that G = £g.(9g)
and for all w e Dy: [B]F90/w]([i]F90/w]) = g(w)
there is a g € Dy, such that G = fsq(g)
and for all w € Dg: [B(i)]F9L' /=] = g(w)
there is a g € Dy, such that G = £s.(9g)
and for all w € Dg: [Ai. B(i))]"9(w) = g(w)

injectivity of fg(sa)
identity
IL*-interpretation
def. g['/w]

I L*-interpretation
I L*-interpretation

IL*-interpretation

there is a g € Dy, such that G = ks, (g) and [Ni. 5(i))]9 = g

G= H5a([[)‘z B(Z))HF’g)

...and we may again conclude that:

[a)""9" = [Msa] (ffsa([(Ni. @)]59)/) = fosa([(Ni. @)]"9).

—If o = (Xi.3), where 8 € IL;, then @ is of the form [1(J) again, where

oell’
(")

(sa)*t} and once more we can show that:

[817°9" = Jsa([(N. (X)) ).

For we have, for any C € D(4q)+.

iff
iff

iff

iff

iff

iff

iff

iff

iff

[(ACE" . 0w, ()BT (C) -1

for all w € Dg: [¥,J(C)([B]M 9" ) (w) = 1

for all w € Dg there is a ¢ € Dy, such that:
C = ira(c) and [B]""9" = ity (c(w))

for all w € Dg there is a ¢ € Dy, such that:
C = ksa(c) and i ([(Ni. B)]M9) = kg (c(w))

for all w € Dy there is a ¢ € Dy, such that:
i21(C) = ¢ and [(Ni. )] = c(w)

there is a ¢ € Dg, such that C = fg(¢) and
for all w e Dg: [(Ni. B)]*9 = c(w)

there is a ¢ € Dg, such that C = fg(c¢) and
for all w € Dg: [(Mi. B)]M9w] = ¢(w)

there is a ¢ € Dg, such that C = kg, (c¢) and
for all w € Dg: [(Ai. (Mi. B))]M9(w) = e(w)

there is a ¢ € Dg, such that C = kg (c¢) and
[(hi. (. B)]M0 = ¢

C - Hsa([[()‘z (AZ ﬁ))]]M’g)

Now (!9) follows as before.
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extensionality

identity

I L*-interpretation

V¥-Lemma

induction

injectivity of ks, and kg

injectivity of kq

i¢ Fr((xi. 8))

IL*-interpretation

extensionality

identity
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